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Abstract

This progress report is divided into four main parts. In Part A we

begin with some introductory remarks on 1/f noise and the impact of the con-

tributions performed during the present grant period. Next we give a survey

of 1/f noise theory as it stands today, together with the experimental evidence

for the various models.

In Part B the experimental work performed under the grant is described.

This entails the work on gold films, transistor noise source identification,

u-particle counting experiments, and noise in n nn and n pn near-ballistic

diodes. The noise in these structures is very low, indicating definitely that

mobility fluctuations are at the origin of 1/f noise.

In Part C we describe various theoretical contributions of work per-

formed under the grant. In particular, the Allan variance transform theorem

throws a new light on the existence of spectra of the form 1 /f , -l<a<3.
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A. INTRODUCTION

I. Summary

Research on 1/f noise covers a period of 55 years. In that time

many theories and models have been put forward to explain this enigmatic

phenomenon. We believe that the following types of noise theory have sur-

vived:

1. The universal theories

2. Transport theories

3. Specific noise model theories

4. The van der Ziel-Bernamont-du Pre-McWhorter theories; distribu-

tion of time constants.

5. The mobility-fluctuation bulk model: phonon effects.

6. The mobility-fluctuation bulk model: quantum 1/f noise (Handel)

Under the Air Force grant we have performed both experimental and theoretical

work to try to really get at the origin of the 1/f noise. Mr. Kilmer's

experiments on films are designed to confirm or reject theories of type 2.

Most indications to date are, however, pointing in the direction of models 5

and 6. In this report we discuss Kilmer's experiments in transistors, which

definitively show that the noise, both of collector and base sources, is due

to mobility fluctuations. The older findings, which supported surface

effects (theory 4) seem no longer applicable in modern devices. Mr. Schmidt's

measurements on near-ballistic gallium arsenide mesa diodes also strongly

point to the validity of the mobility-fluctuation model 5 or 6. Further evi-

dence for this is being gathered by Mr. Andrian, who will consider the noise

as a function of ratio d/Z, where d is the thickness of the structure and £

the phonon mean free path. Finally, Mr. Jeng Gong's experiments indicate

that Handel's theory (model 6) might explain 1/f fluctuations in radioactive
.1

& _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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decay. We believe, therefore, that great progress has been made during

this grant period to identify the cause of 1/f noise in devices and in

entirely different phenomena, like a-particle emission.

The various experiments are described in part B. Finally, the

extensive theoretical analyses which have been made in conjunction with the

experiments are described in part C.

First, in this part, Section II, we present a survey paper on 1/f

noise, which elaborates the introductory remarks made here; this survey paper

(invited) was presented at the October 1981 Rome conference on noise.

,i11



11. Survey of I/f Noise (C.M. van Vliet)

a. Introduction, 1istor~v and Fxtant Theories

Whereas ;:many noise phenomena, like shot noise, thermal noise

and generation-recombination noise are well understood, Ilf noise remains

an enigma. This noise has been observed in all semiconductors, metal

films and semicoinductor devices. but it is more universal than that:

1/f noise occurs in a host of phenomena: traffic flow, variations in the

rotation around the earth's axis, in music, in hourglass flow, and in

many biomedical phenomena such as eyeball movement. Therefore, some in-

vestigators believe that there must be some universal phenem::enon operative

in all these manifestations, like scale invariance. Others believe that

we should confine ourselves to a class of phenomena, like electrical 1/f

noise. Still others believe that there are many types cf electrical I/f

noise; it can further be said that each theory has its device, but not every

device has yet its proper theory!

Research on 1/f noise covers a period of 55 years. It started

with the discovery of the effect by J.B.Johnson in 1925 [11 in barium

oxide cathode vacuum tubes. The first theory was given by Schottky [2],

attributing the noise to creation and destruction of emission centers on

the cathode due to ion migration; unfortunately, Schotty's theory, like

2-
so man) others, resulted in Lorentzian noise, S(a) = Ka/(a -'). Since

Schottky's theory, perhaps another fifty theories have seen the daylight,

some specific, some very general, some sober, and some fantastic. Many

theories contained unverifiable parameters, .and others which did, like the

temperature-fluctuation model, have shown by and large not to work. We

believe that the following six types of theories have survived.
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1. lie "'aniersa1'' the., i . s Since no ch,r;cterist ic turnover

frequenci s :ave (encrl lv been found, the ,)ro!le::' is attributed to scale

invariance (Y.Lachlup [3]). A variation along these lines was proposed

by hiandel et al [3aj, i, ho attribute the noise to a non-linear manifesta-

tion. The ar-u.-Lnt is briefly as follows: Let

Jjv'(t) -f~x') = h (t) (1.1)

be a Langevin ewo: hon, where iis a linear operator, %,hile f(y) is non-

linear in y. Expanding in a Taylor series f(y) = La , and akinga

Fourier analysis e:: a sa.lie v..(t) of duration T, one obtains

,zv(21.l,7YT<)._ *~-- . .. = i)(1)

the second (auacr:-ic) ter:: stems fror. the nonliiearity'. This tern

indicates that v.. a is dimernsionless, so has the dimension of time.

Since S -rT T .TI.) we see that S has the dimension of ti:ne. The question
y y

is which physical 11 '1.Clnon can account for this. If there are no

charac .istic times (scale invariance then the only diMensional correct
quantity is f- 1  hence S(f) = C/f. Obviously, the quantity C cannot

be identified and ce learns little from this type of argument.

2. Trans-vrt theories. We have seen in lecture II that transport

theories of the type

[y(r,t)] = + [v(r, = (r,t) (1.3)

where Ar is a spatial linear operator such as -D-, lead to spectra of

the form (II, eq. (1.31)):

Sy(r,r', ) = f (r ,.") 1 .f IIk d d , k,,, '3,

yk V %k+ica k-space V

(1.4)



So b asic.. 1 1Y ,e cl- ai n an r:- :r c cu l-, za a~ C T(1.5)

is ar. in -j. over a astr Ianl re -ax';t oil :-.es e

Can w e ".:'_1 a wei't ing ':c o F that doeus the trick so tha-t the result

is i/f ni'?So far, one has nic, been suc:es-s:ul , neither for dif::us-'n,

nor for hetor trzeaaefutaio :. aas w~e swin lecture 11.

The only ex ceptica is the s-urf'ace g-r noise m:-odel in MKSLS.Yet,ateit

to work- t: (3.4) keep ap:pearing in the literature. Thie first theories

of this nature .ere due to Ma~rae[4] , Ricliardson [],and Bur,:.,, [6]

See also van- Vli-et and van der Ziel [7].

3. C~i :7: c 'el nIs th4is F.2c r4 ~ C, l %l0w g:1t'er

noise theori es b-, ed on such s-rec: ic C mLoelsha we Can1 see w.'ith ams

certaintv thlat t'. - 11ode-l's can.not account f;Or daai ' 'nv dsiia

devices and li. For examplIe Lecon Less in the, fif ties rS] dc-vised a

model where atom> were diffusing up and dlown pires of edge dislocations.

At tnat LITme tnecre ,,ere many imeasurements, e.g. by Brophy [9] showing

that 1/f noise stogyincreased in deformed solids. Moreover, the noise

went as I contrary to all modern observations (which find an 12 dependclnce)

Thus, even if Bess' theory might have been reasonable for the 1/f' noise in

Ge observed at that tim-e, it certainly hias no bearing on noise in Ge and

Si samples of toda,.,, since dislocation-type 1/f noise, together with the

1 dependence, has been eliminated. A similar fate may aw ait recent theories

by Min [10] and Pe-lligrini [11]. In Mmi's theory there is the assumption

that there are rej-,ons in a semi conductor, in which interband scatteringc

dominates intrabai .d -scattering. Making in addition the assumption that
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S:Le...S. ".h'.4 sa:pt c , cb 'Qt v :", 'i to ?,:-11isvriudi 'd :;U :;o oervy

he a 4 ''. . -. n Cv2 1 :C: rt .j r ' C e r ''P is -'hat he

must ', t< - t e o e r''.c q c s e if c i..?r t c io s, recuiring

an ina:o : i ' , i : s ]-:h ) '.'':e:b e for :.d r .Tre silicon

szu::?!cs.~~~ S. ta:: ebetc:;-~e o Plir s is1n t; C.oC)',"

distri': 2: :: >ze c ::sta'ts. Bernamont [12] ;,as the first person to

nore s. . . - .,'- will convert a s f of hercntzians

in'j a 1it" sc''r."..

,t * " 2'y- _ a. '"d
1 1 2~:v_______

S tf) = .

/lg 7"), 1,'271 < f

,e thus Obtain . f srectrum- over a wide range. In view of the experimenta1

situations (1/f nc.se has been observed fro'm 10 h: [riaker [lo], Firle and

Winston [17], 1ho!1>ns and Te~mpleton [IS]] up to 107 hz [van Vliet et al [19l],
must be at >ast 14. Two tvpes of theories have been given to

explain such a di. tribution of time constants. (i) A uniform spread in

activation energies (van der Ziel, du Pre). Thus let -T = ()exp(qEkT).

Then if q(E) = 1i (E 2 -E1 ) for E1 I E : E2  and g(E) 0 e!sewhere, we

have

g(,z) = g(' dE k _T 1 1 (1.6)q E' (.6

21T



N ow I o: 2 P~q'. i CCL r ccz ;~th ('I . notc t Cv lat

t he no, <s th , f.£rnc>c::erootc to "F, :not t tc rc'cent

detailed ~ ~ ~ 1 H ~e~lesrvtIesb iorn, xuta , adLc>.d[

oilt I:. .:S i the rne*-SQ.TithryCan thlerere be lai;

to rest. i') A ifr vedin tunnel distance2s; ti,.-;s is tebasis

of Mahh rl rs theory a=d similar theories. 1,e then have the tuninel

times 11exrzw where w is the tunnel dist ance and -a i;s a Gcuant=m

mechanical :(;nstant . One easilv sees that this also giveS a 1/-, dis-

t ribution . In MJSPETs, %ichorer's model, with the v-arious .odI fiat Ions

by van der -iol [21] , Chlristenson et al [22] , Leventhal-l [23], BErz [24] ,

HEsu [23 'S n P and Sah [2-bma still be arlIc_-11 to MC,_SPsi

Which the rc is a large oxide lay1er. Thle idea is that carriers reach, the

sl;"surac. Stantes in these oxide layers by tunnellin-g, either directly

from tile ccuCtion, hanu or x-alence band, or by elastic scatterin[ via

the "fact" rcombinaticn states at the conduactor-oxide itra . Tun nelI

distances fro- 0-SOA Can easilyv account for the wide distribut,;-ion of ti-I

constants. Th.is rem.ains therefore a viable model. Also, it could not

be that all ex\periments prior to Hooge's bold "bulk hypothesis' (,;ee below)

which indicated a surface mechanism, were wrong. It is possible, however,

that technology :.as improved so much over recent years, that, indeed,

present lv observed 'If noise is due to a basic bulk mechanism, whereas

the surface I/f no> e has only survived in %'.,SFETs, i~hich devices are

notorious for high 1/f noise. Ifooge, Kleinpdnnings and van, or~c, in a

very recent survey article [27] , came to the conclusion that in MOSFETs



'3 -

the hu!' - -:,e surface t)'e theoriets ca1 eclually .well acou:lt for the

observe-d ise characterist ics. More cxruri:::ents in this area are needed.

. The neb ilitv hu: 1k FedvI: :'hon efec:ts. Iooge, in 1969

[2S] , . t . .teak survvey o tnuch ex,'cri-:cntal data on sc-..iconductors and

metal 1 '. . Putting aside such Zrs as orc:',"s dislocation

data, he :and that many of the observed neasure:ents could be fitted by

the empir- al law

(1.7)

where N ws the numb er of carriers in the entire sa-.ie (Frovid in this

was ho::-cg,. -cs) and a is a constant of order 2 ,10 h'c refcr to it as

the 1;ooge :faraieter ie also laid to rest the then rrevailing notion that

1/f noise Is oftten - if not always - caused by pcor intor.nal or external

contacts; 1- term coil taLt noise had been dubbed for years after the ex-

pcments -n single carbon contacts by Christenson and Pearson L29] showed

large l/f :.se (of the form ((.7), however!, see their article). Van Da.r.me

showed [30] :hat (1.7) "quantitatively" applied (given perhaps an order

of magnitude leeway for from the above given value) if the contact was

considered a- a distributed resistance. One must then apply (3.7) to

small layers and integrate taking into account the heisvherical geometry

of a con tact. ',;c believe that these experiments and computations put for

the first time "he bulk hypothesis - vs the older contact and surface

hypotheses - on a firm footing. For a hemispherical contact van Damme

finds that (2.7, tskes the form



S- , (1.8)

Sn'f

where n is the carrier density * is the resistity and R is the

measured resistance.

After the bulk hpothesis Hooge, Kleinnenning, and van Damme

put forth impressive evidence that the noise is caused by mobility fluc-

tuations. We discuss this in section 2.

The final step in modern developments involved two modifications

of the Hooge parameter. First, Hooge and van Daz::.e showed that = decreases

if the mobilitv is due to otaer com:-onents than the lattice -olitv

[311,[321. The observed relation was

S I (f)2
2' 2-- , a' = ( --) y{ 1.9)

Here is the observed m-obility and is the lattice-scattering mobility.

This relationship was found for very impure sazples, where U (observed)

is due to impurity scattering and in very thin samples, where L (observed)

is due to surface scattering. The derivation of (1.9) is straightforward.

Let

1 1 1 (1.10)

Then, if i has no noise, we find

1 1(

--L (LL)= - -- __ -.* * (1.12)
2

6U._ 2 ,,S_ u" ~ v

2 2 2 2



SinceL, ________ 7-,,-o f&: Lfor criticism, see blw

I.
S,

Sec .1., D~s:a, il stra, and Van hcnn[33] 11nd Ltr

Sine, 1', 1 shce that the , r ooge parameter is effected by

hot elec-:on ef cts. They found

S (f) C,

,,an _________ (1.14)

a ) '.

or

K1ein p(K"inpenn (.1

Kicin;-on :ng's result is easily explained. For n-type silicon one often

has a re ition of the form o

"(E) =a(1.16)

where v is the saturation drift velocity for v d 4E if Ei-

Assuming that the fluctuations arc due to only the low field mobility

we find

A o (1+4 0E/v S) - (t F/v) s " (1.17)

(l+ 1/E/v) )

or

or

.. .- 1 (1.19)

PC (I .S6
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With the same ttooge et al state went as before (viz. S /I S /-)

(1.15) follows. 'he statemcnt th;at the fluctuaticns are due to those in

the los fiold mobility can %sell be dufendud. For, computation sh, .s that
the lattice scattering mean free path for hot electrons (see Y ashita

and Watanabe, lecture I) is the same as that for thermal electrons (as

found in lhilson's book).

Since many things now point to fluctuations in the lattice mobilitv

as cause for 1/f noise, we must now look for mechanisms that lead to such

1/f noise. So far, the only reasonable advanced theory is due to JindOJ

and van der -iel [35]. The%- show that rhonon creation and annihilation

processes lead to a distribution of phonon lifetimes commensurate with 1/f

noise. There is, however, a problem in that for very long relaxation

times very low q-values are necessary. This writer has pointed out to

Jindal that the lowest q-value in the Br \lo0,- zone is given by

n/a.N where N is the number of linear atoms and a the lattice constant.

This spoils the argument of an otherwise attractive theory.

6. The mobility-fluctuation model: Quantum I/f noise . Several

years before the experimental evidence pointed conclusively to mobility

or carri r scattering fluctuations, Handel gave a theory of I/f noise based

on self interference of the wave packet .of a carrier upon scattering

with an obstacle [36]. A full account of this was published in 19S0

[37], and another version of the theory based on wave interaction in 19S1

[38]. Before we mention the essential tenets of this theory, we must

point out the connection between mobility fluctuations and scattering
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of individual electrons (or holes). In all the literature up to now the

argu.rent was first of all that the proportionality with 12 indicates that

1/f noise is due to resistance fluctuations being there already in equi-

librium; the current merely serves as a probe to measure these flu-tua-

tions (see section 4). Since R = constant times c0, one has undoubtedly

for linear devices

S S S SI- R+  V2  2C.0

I R V ar

Now a = eu , A e e~tn + enP 4 (1.21)

if tn = 0 (no number fluctuations since we are not interested in g-r

noise) the reasoning goes G = enLZ-i, hence

SC/ C; S /p2  = a/fN (1.22)

This is , however, wrong as was recently shown by van Vliet and

Zijlstra. The point is that differential relationships like: if y = f(x),

Ay = (dv/dx) Ax are-not valid stochastically-if f is astatisticzal function!

(Relationships of this type have been very often misused in the noise

literature). The correct argument is as follows [39].

Let vd. = vi be the drift velocity of the ith electron in a
1

volume LV centered on r. Then the 1/f noise source is written as
N(r,t)

H(r,t) = VZ

where N = n(r,t)AV. Since we not consider g-r or diffusion noise,

n(r,t) = n0 (E) is constant. However, to all likelihood the electrons in V

are scatterd indenendentlv. Thus from (1.23)
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S'(r " f) ( f) (1.24)

where S, (f) is the drift velocity noise cf any electron in the-'V(r)

neighborhood of r. The cross-correlation for different volumes .V

centered on r and r' is zero, since, as we saw, the velocity fluctuations

are most likely uncorrelated. Thus, replacing l/.V by 5(r-r'), we also

have
9

S (rr',f) = qn (r-r')S r(t) (1.25)
=H qn-0() Av(r)

Now Hooge's relation, when translated to a noise source of a voluz.,e

AV, reads with .1 H- L stoch.

S (r,r',f) = [J 0 (r)]2 (r-r')/fn 0 ( _ (1.26)

(note that double integration over d3r d3 r' leads to (1.7)); or also

S (,r', f) = [ 0 (r)] 25 (r-r')/fn 0 (r). (1.27)

Comparison of (1.25) and (1.26) yields

SAv(r) (f) = r)]2/e2[n0(r)j2f

= a[i 0 (r)E 0 (r)] 2/f (1.2S)

Since v = 40, this gives the mobility fluctuation noise

C S (r) (f) = a [ 0() 2/f. (1.29)

In the absence of hot electron effects does not usually depend on

positions, while also a is then independent of EO; then

2

0(f) = 2 (1.30)

i I l i I II I I
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This is the proper Ilooge form for mobility 1/f noise. An extension

of this derivation was given by van der Ziel and van Vliet [40]. Notice:

(a) mobility fluctuations are not correlated in space, i.e. St (r,rl',f)

as used by Kleinpenning is meaningless; (b) the factor N is missing,

since mobility, fluctuations refer to individual scatterinz efects.

It is here that Handel's theory comes in. This is exactly

the model that he considers. He shows that individual scattering has an

inelastic component due to the excitation of quantum field modes of the

vacuum state involving infrared divergencies. These excitations may

involve phonons, photons, electron-hole pairs on the rerm. surface, nuclear

spin magnons, or perhaps even largely unknown "correlated states" as

described by Ngai [41]. We consider Ngai's theory to be a variation of

Handel's general quantum 1/f noise mechanism. We briefly describe Handel's

theory in section 3.

A we notice, Handel's theory describes individual scattering

and leads to the expression (1.30), even though man) details (such as

the role of lattice scattering versus impurity scattering ) still have

to be filled in. Following the inverse route of eqs. (1.23) to (1.30),

we are thus led to Hooge's relation (1.26)-(1.7).

In closing this section, we mention that presently there are

three excellent extensive review papers on 1/f noise, vi: by van der Ziel

in Advances in Electron Physics [21], by Dutta and Horn in Review of Modern

Physics [203, and by Hooge, Kleinpenning and van Damme in ReFprts on

Progress in Physics [27]. No serious investigation of I/f noise can do

without these surveys!
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b . 10 C . 11 on tilt' E'pcrimlcnti I1ViCCICe

. e-v:Ilties

Ifooge et al [27] give the following table:

material n0 or Po a T(k)

from Hall effect

n-InSb 1.6xlO 14 1.3xlO - 3  77

1.6<lO16 3.4xi0 300

p-InSb 1.2x1016 7 xlO - 3  77

p-GaAs 1.5xlO1 7  2 xlO -  77

3 xlO 300

n-GaAs 2.3x1016 6 xlO -3  300

p-GaAs 2.3xO1l6 3.4x I0-3 300

n-GaP 2.9xlO16 9 xl0 -  300

Values for elemental semiconductors and metal films were published

before [2S].

2. The distinguishability problem

Hooge et al investigated the problem of how to diStinguish

between mobility noise and carrier density noise. Suppose a quantity X

depends on 4 and on N:X X( ,N). Then their argument is (op cit p.5So)

Lii



AX = (dX/dN)o N -S N (dX/d.O 2 S, "N 2 (2.1)N0 X Nd 0dd 0 21

0, 0
AXg = (dX/d_-) 0 L.-  S = [,%0dX,.'d 1-)0 ./,:i -. (2.2)

Now, not knowing the cause of 1/f noise, it is either

S N/ = a/fN (a)

or

S /- = C/fN. (b)

In order to find different results in Sxwe must thus have a quantity X

for which NdX/dN / .dX/d-L. Obviously, if X is the conductance o = -N,

the above inequality is not satisfied. Thus conductance rluctuation

cannot distinguish 1,et;,een mobility or density fluctuations.

In view of what we said i . the last section, this argument

is incorrect, since (2.2) doe not hold. However, the conclusion remains

correct. For X = o1 (2.1) gives S7N = oS/N while (. now

reads: SO = (oa-/N)S . Instead of (a) and (b) we now have S N'' =
/ 2

a/fN and S /2 = a/f. Thus the same ambiguity occurs: S = S
N 04

For quantities other than o the argu.ent needs reexamination,

since a relationship of the form (2.2) does not exist. In the examles

which follow, the argument should be repeated to avoid the erroneous

equation (b). We have looked through the examples in some detail. It

appears to us that Kleinpenning would not at all have to resort to eq.(b).

Instead, most of his arguments need only the true relation 4:0" the curront

noise (1.7) or (1.26), or for the conductivity noise, (1.27).
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3. Seebeck fluctuations [42]

The thermal voltage in a temperature gradient T/L is given by

Vth = (S F+ C) ST/'qT (2.4)

Here z,. is the "mean conduction level"

where G(c)ds is the conductivity qn(s)fs)ds of electrons in the

conduction with energies between s and -+dc. We also have

Le = fO(C-<Sk>)G()d /C (2.6)

Now we must interpret (1.27) as a consequence of fluctuations G(s)

in individual subbands. ifere the physics conves in. If the noise is

due to mobility fluctuations, there is delta function correlaticn between

the subbands since carriers scatter independently, as we saw before.

Thus if (1.27) is due to mobility noise, it has a substratum the micro-

scopic source

= [Cf 2  a _5(6-. ) (2.7)SG (E) ,G 6 L' fn (e)

Carrier fluctuations give Ln(e)4n(s), which when substituted in (2.6)

yields S = 0. We now substitute (2.7) into the expression for S
gk Sk

* The correction -<k> stems from the canonical constraint. We feel this

constraint could bctter have been incorporated into (2.7) by replacing

6(e-e') by 5(s-e')-I/6.
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derivable from (2.0). Thus,

S -5 d -. ~>J c-$,
k f

- -O N-) -~(2.8)

fG 0

-which is the result used by Kleinpenning. For nuber fluctuations,

S 0, but S (kT)- S'IN- for which we :ay use relation (a). We

thus obtain different results, in particular if we i.upress an external

voltage in addition to 'T.

4. Other eiffects

Kleinpenning also showed that different resulits cccur in the

Hall effect and in the noise of SCL diodes, dendin. as to whether the

noise is caused by mobility or number fluctuations. Again a warning

is in order: the arguments shoul', be repeated, v:itheut u sirg the erro-

neous formula (b).

5. Lattice scattering versus other scattering

The fact that the noise clearly depends on the type of scattering

is in our opinion the strongest argument for mobility fluctuation as the

cause for 1/f noise. The reduction of a for impurity scattering is shown

in Ref. [42]. Both results are due to Hooge and van Damme.



We precscnt: hvre the derivat ion nased onl tile i.cture o1r W21ve

interact:i on -noise, ic T-n I reiu acr 3S] hadlst",uor%. leads

to noise ahnvr articles undergo Scattering. The theory is equally

well I-,rl icable to the :rrchlM0 of emissicn of a-particles (set- lecture IV)

or to scattering with lattice vibrations. I-Ie consider the wave function

for a particle undergoing sn:-ail energy losses in scattering in a tneriod T

(rt) = ae pr-t db ict/tC

where Ais of order c. For the mensquare a.m: iitude ono thus finds

For T-+o

KL*(c-)bT~' h (3.3)

Clearly b(s) is the crosssection for energy losses; in case thl-ese

energy losses lead to c.mission of (very low energy) phl-otins, we Sroak ot

bremsstrahlung. Hlowever, the energy losses ma;y involve excitations

other than of the photon fields, e.g. in correlated states. For sm.all

energy losses !b(s) 2 represents infrared divergencies, and always

goes as (Zl/ )aA:/) Here =A is due to infrared corrections; as a

rule aA << 1 and

Jb(c)l 2 %(-.4)c

For bre!msstrahlung-

cLA ('v) IV'(3.5)3C31 3 _fC2
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t

change u:Ld c is tse -s: .:L oi s:. !:" )t!-r S5'S A is iffrent

but (3.4) . :is correct. S3 ).iti (3. in (3.2)

We obtain

2 > . (3.6)

For the analy'tiz signal S ( - t: ; thus have a,7=n :or.alization, dencoted

by^, for thc spectrum

A -I5, (:) = t:' :.' e) .7

0

Now let , be the tesiv of ,  r e the then --or 'j

we have v the ccnv:oluticn ta ore- - hv

S"f = j,'+IS (f-'.36 d".S

This leads to

S (f) = 5(f) + 2z-.f- (f-f .9)0 )

where e is the unit step function; fo = soih is an arbitraril" low

frequency of the experi-.ental set-up; we neglected the quadratic term

which represents noise of noise. The 5(f) term stems from the d.c.

intensity. Thus

A -
S=(f) 2zAf 9(f-f0 ) (3.10)

Since -' = Iu, where Au is the cross section fluctuation, and L4 the
c c

mobility fluctuation resulting from this scattering, we have

Stb =SA /1 = 2aA/f (f>O) . (3.11)



Thus I!oo-e's s, u:'cn Co:,7'ari o fl it (1 .3)

a = 2A. .(3.12)

For bremsstrahIung, A turns out to be nuch too low since "./c for

electrons is extrea.ely small. llo;.ever, there are other loss mechanisns

for which aA is much larger. The pinpointing of these loss mechanisms

rerains the largest challenge for this theory. However, the form (1.30)

is easily accounted for by this a~proach. Presently, Handel and the author

are studying the explicit a.. plicdtion of these ideas to imuritv scattering

and lattice sc .terin;.

d. .Oher Basic Questions

1. !/f noise an equilihbrium property?

In 1976 Voss and Clarke performed an extreme.!" interesting

experiment (433. They measured the Johnson noise of a resistor, over a

large bandwidth, with incomplete averaging, i.e. the averaging time

was finite. Then the noise of the resistor is

S (w,t)Af = 4KTR(t)p(z) f. (4.1)

They now measured the noise of the noise. If R(t) fluctuates in the

absence of a current r-e with a 1/f spectrum, the noise of S,.(wat)

must go as I/f. This .,as indeed observed. Beck and Spruit [44)

reported similar measurements. We therefore now know that the

current is not driving the 1/f noise, but that it serves only as a probe

to measure the resistance, i.e.mobility fluctuations. Yet, can one say

that 1/f inclc :zan equilibrium phenomenon? Not 'really, if Handel's



t he)r.% I e For in that S osthe noise is :'.erc un~der couiit

t ions Sic scutt2r I n i nv Ln.t r Sc at t -r C Lc of d Ctar i 1a Cc)

o ccur S In e'uevcr, "i I .. S -.

the therm:al m:otion of thec ca7rriers 1-ut from tne .canuv ~~rclntr

of the scatterin,:; the noise ,,ould be there even if Onl C' ne carrier

Una-cr'went collisions. Sir.ce quantu7 1/,4f noi.;Se iJs not an equ iri um

property, %,e do not have to look for the cxistence0 of a fu:ntc ds

sipation theorem which -,,ill yield 1,/f noise. Such- would Ibe the calse, how-

ever, if Jindal's theory applics (Just as carrier g-:- noise can be

explained by the f.luctuiationi-dissi:matcn tneorem: - van Vliet 1L)SS [.151

2. Is 111f noise stit-ionarv?

First we note that the divergence of the variance at the low

freCuency' onj really (10es -not matteor mucn. Hcoge ct al remarked ta

10- 6 n corres-monds to about Inonth mesii~time. But even if one

measured a century, the addition to the variance woculd amocunt to only

20'! Dutia and Horn noted that 1/f noise cannot go ont to f=O, for then,

according to them, the specific heat contribution

C~V= f~f fLf d/ f .(4.2)

However, the limit 0 is artificial and for high frequencies there are

always mechanisms to shunt the noise. More important, we will show

in lecture IV that neither the variance, nor the correlation function need.,

to exist for I/f noise. These concepts are simply meaningless .or 1,/f noise.
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re spc trum i s ahI , av s decfined !)v S = lirm 2 T<a'( "a. >  ',,here a
T-,

is the Fourier coeficient iFourier series -or truncated ti:::e sa:.l)

the statistical Allan variance turns cut to be static: ar)', see

Lecture IV.

3. is the I/f noise mechanism nonlinear?

In Handel's theory: yes, because of the radiactive corrcc: ions

due to "feedback" of the infra field to the p'article wave field. lio..-

ever, these corrections are very smail and the deviations from Gaussianitv

are minute [46]. Brophy [417 and others found that the short time

average of the l/f noise power showed statistical fluctuations larger

than expected for stationary signals. On the contrary, Stoisiek and

Wolf [48] found the noise to have a stationary Gaussian character.

e. Conclusions

Taking all the 1/f data from the discovery of the effect in 1925

up to now, one must first of all notice that there is conflicting evidence

on basic questions such as surface effect or bulk effect, temperature

dependence etc. However, thi.c is resolved if one assumes that there

were various t)ypes of 1/f noise, such as surface i/f noise, dislocation

1/f noise, etc., most of which disappeared, however, with improved

technology. The surface idea mainly remains, in conjunction with

Mchhorter's theory for MOSFETs. The remaining i/f noise in present day

solids and devices seems to be caused by bulk fluctuations. There is also

considerable evidence that the bulk conductance fluctuations, being present



without the -:assige of current, are due to :.:obilitv fluctuat Ions. The 

most ,rom,"inent theor-es are those due to Jindal and %an der -el , dUaling

with acoustical :'onno. fluctuations , and due to lidL dcal.i.; w, ith (quan-

tum /: noise. We presented lHoooe's renault for the conductance fluctuations

in the form of a ,modified nobility noise, eq. (1.30), this is the basic

equation. Handel's theory goes a long way in explaining _-uch a relation

though many details require more work. The temperature fluctuation

hypothesis is practically laid to rest, except for fluctuations near

the superconducting transitionNMre experiments should be done which have

a bearing on the current ideas,^Aset forth in this paper.
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B. EXPERIMENTAL WORK

I. Gold Thin Films Project (J. Kilmer)

Due to the theoretical possibility of 1/f noise stemming from surface

heat sources [11 and the possible strong temperature dependence of noise

sources in metal thin films 12-41, an investigation of noise correlation over

a full ambient temperature range is to be performed. We have received from

the National Research & Resource Facility for Submicron Structures at Cornell

under Dr. E. Wolf and R.A. Buhrman, closely spaced configurations of gold thin

film resistors designed by Dr. van Vliet. The configurations, see Figure 1,
0 o

consist of 2000A thick gold films deposited on top of a 200A chromium layer

adhering to a standard silicon substrate. The standard configuration of three

resistors is repeated for varying widths and spacings of .5 1jm, 1 Jm, and

2 im. Each resistor has two 100 ijm square gold bonding pads and were delivered

unbonded so we coull decide how to make electrical contact to them when they

are in the cryostat. The cryostat, to be ordered in June, is the Cryosystems

Model 21 closed-cycle cryogenic refrigerator, capable of maintaining a constant

temperature (as low as 100 K) determined by a thermostat setting. The extra

data needed at 40 K will be obtained by directly submerging the sample in liquid

helium. We have decided to dice the substrate so that a standard group of

three resistors is contained on a single silicon chip. The chip is silver

epoxy glued (for thermal conductivity) to a six-lead T05 can and the pads are

gold wire bonded to the T05 can posts by an ultrasonic bonder. The cryostat

comes equipped with a T05 can cold chamber mount and a six-lead feedthrough.

We need electrical contact to three resistois in the same thermal environment

so that one element can be biased as a "heater" and the correlation between

the responses in the other two "sensors" can be observed. The so-called

"three-element experiment" is described in Joyce Kilmer's master's thesis 15]
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for case of thermally coupled transistors. Once the characteristics of the

resistors' thermal coupling are determined, the 1/f noise will be measured

using the low-noise amplifier designed by Robert Schmidt and the HP3582A

FFT spectrum analyzer. The Hooge parameter will be checked to see if it is

inversely proportional to the volume (or width in thin films) for a bulk

effect. Finally, the correlation of the resistor 1/f noise spectra will be

measured at cryogenic temperatures. Presently, the linear V/I characteristics

of a resistor have been confirmed over a few decades of current in the

Cornell devices, and the 1/f noise is being measured at room temperature.
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II. Presence of Mobility-Fluctuation 1/f Noise Identified in

Silicon P+NP Transistors (J. Kilmer, A. van der Ziel, and G. 
Bosman)

a1. .\bS!.rac t

The magnitude and location of mobility-fluctuation 1/f noise sources

have been identified by means of biasing a PNP transistor in a common emitter

configuration with first a high and then a low source resistance. Comparison

of the two noise spectra at the same base currents shows the low source

resistor bias isolates the collector noise sources, and the high source

resistance isolates base noise sources. The magnitude of the observed collector

1/f noise gives an a = 2 X 10- 6 from Kleinpenning's mobility-fluctuation

theory. The base 1/f noise gives an a = 10- 7 due to an impurity mobility

reduction factor of about 100.

b. Introduction

To date, three causes regarding the origin of 1/f noise in transistors

prevail.

1) Fluctuating occupancy of electrons in oxide surface traps (or dis-

locations) in the base or emitter space-charge region modulates the (surface)

recombination velocity. 1/f noise due to fluctuating recombination velocity

is represented as a recombination current IR flowing from emitter to base [i).

2) Mobility fluctuations due to holes interacting with phonons cause

i/f noise in the hole current I diffusing from the emitter to the collector.

3) Mobility fluctuations due to the electron current I injected fromEn

the base into the emitter may also cause 1/f noise.

i/f noise due to a fluctuating series base resistance rb we do not con-

sider since IB is small in a high B transistor. The three possible causes

are represented as current sources 61R, IEn, and 61E in an equivalent circuit

for a PNP transistor first drawn by Plumb and Chenette [2] and later modified



-35-

by van der Ziel (see Figure 2). Here we combine the two base current sources

into an equivalent base 1/f noise source, i, where i = -6IR - 61 and
fb' fb R En

rename the collector current source, i fc, where ifc = Ep.

In older transistors the predominant 1/f noise source was the recombina-

tion current because those devices had large surface recombination velocities.

The purpose of our present investigation is to determine whether 1/f noise

due to mobility fluctuations, as presented first by Hooge 13] and recently by

Kleinpenning 14], is present in contemporary devices with small surface

recombination velocities.

Van der Ziel's appendixed derivation 15] of Kleinpenning's expression for

the noise spectrum due to mobility fluctuations of emitter-collector hole

diffusion in P +NP transistors shows,

S (f) = P(O) I (1)
IEp lEp 

4 f-rdp

where p is the Hooge parameter associated with hole current, Tdp = wB2 /2Dp

is the diffusion time for holes through the base region, wB the base width

and P(O) and P(w B ) are the hole concentrations for unit length at the emitter

side ard the collector side of the base, respectively. We see the magnitude

of SIE p is inversely proportional to Tdp which means that SI  is propor-
'Ep Ep

tional to f since
T

fT 27dp (2)

dp

Therefore, the hole mobility fluctuation 1/f noise source is larger in

transistors with a large fT (e.g., microwave transistors).

Also for electron injection from base to emitter, we have, due to

mobility fluctuations [5,eq.(4)],



-36-

Sn (f) 2q n [ N(O) (3)1IEn = En 4fTdn n N(w E)

where Td w 2 /2D w the width of the emitter region, D the electron
En n E nl

diffusion constant in the emitter region, whereas N(O) and N(w E) are the

electron concentrations for unit length at the base side of the emitte.

and at the emitter contact, respectively.

c. Experiment to discriminate between the main noise sources

In the Plumb-Chenette [2] experiment, we can discriminate between ifb

and ifc by placing the transistor in a common-base configuration and monitor-

ing the enitter-base noise. The disadvantage of this approach is that the

emitter-base noise requires preamplification making this a "less-clean"

experimen, since the input impedance of the preamplifier is in parallel with the

most sensitive part of the equivalent noise circuit.

A "cleaner" way to observe the base noise is by employing the natural

amplification of the device and measuring collector noise. With the transis-

tor in a common-emitter configuration, the noise at the collector will be an

amplified version of the base noise provided we limit the collector current

to a few milliamps so that the collector shot-noise level lies below the

amplified base shot-noise level. Redrawing Figure 2 into a common-emitter

configuration and squaring the noise sources so they represent spectral con-

tributors (see Figure 3), we see (Rs + rb) is now in parallel to the input

(base) equivalent circuit of the transistor. Also in Figure 3, the collector

noise current sources have been referred to the input equivalent circuit as

noise voltages sources by multiplying by i/gm = r /a (valid if r >> rb).

An HP3582A FFT spectrum analyzer measures the spectral density of the

collector noise, M 2 /Af. Calculations from Figure 3 reveal
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21 2

11
SR S r R R + + + 2kr R+ +

b b s b

(r b +R )r -2 kTS b ... + k T ( 4 )
+ if b  0,

(R + rb + r 7 ) I
s b

If we use that r>> rb and >> 1, then equation (4) can be rewritten

so that we obtain

[2 r r_ S Sif

%2 2kT(2rb + l/ gm) + +iSir b

+ R Sifcr+ + Rr 2kT Sifcb 1
s L 4 ki + 2  _Sifbrb s T 82 Sifb(

We see that there are three regions to the magnitude of the measured noise

versus R --an independent, a linear, and a quadratic regime.
s

Ideally, the mobility-fluctuation 1/f noise measurements should be

made on microwave transistors biased with low currents for both high and

low R . Unfortunately, microwave transistors usually do not have a high DC f.
s

So the e:.:.-riment was performed on low-noise PNP transistors (GE 82 185)

with 8 - 350 typically. A simple biasing scheme was used for the high R
s

experiment (see Figure 4) and the noise was measured for three different

I B'S. From equation (5) and for the case of high Rs, we see that

we measure with the spectrum analyzer,

Af = a 2 RL 2  2el + S + S ifc 1 (6)
AfB ifb a2J

where we have neglected the small rb and r compared to a high R and the

terms independent of and proportional with R . The measured high R noises 5
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spectra. ". /if, is now scaled do.'n by i/ sc. that the noise plotted

in Fi lure 5 (curves IV, V, VI) repre,;,.its the absolute -.a.'nitude of the

physical noise sources (in a p s.c) refcrred bacl" to the (-sse) input,

SRSD5  ii 1i 2CIT + + ifc (7)

S

The high frequency roll-off, which each of the plots indicates, is attri-

buted to the Miller effect of the capacitance CT in the equivalent circuit

(see Figure 3) where

CT = Cbeo + Cbco(I+ v 0 (8)

Since I is small, r is large, and the f = I/CTr_, Miller cut-off fre-Sc B issml

quencv, is low - 2KHz. Shot noisc, low:-pass filtered across the parallel

combination of r and C gives at sufficiently high frequencies,

2el B

SHR = 2 B (9)
s 1 + -CT _ r.

the observed 1/f 2 roll-off.

To bias the transistor with a low R , the voltage divider circuit

5

shown in Figure 6 was used. In this situation we neglect the terms in

eq. (5), which are proportional with R and R 2 Using gm = 8/r and neglect-
S s I

ing R and rb with respect to r, we see that wa can plot (again in amp2 sec).

M2S [ _-L ] = eC+4kTrbgm2 rp' (10

SLR = Af = 2ec + +Sif + Sifbrg' (10)

This was done in Figure 5 (Curves I, II, III) at the same thre I s' used

in the high Rs experiment in order that the high and low R spectra can be

quantitatively compared.
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It shoul" be noted that Cq. (10) is only valid for P, << r In

practice, how.ver, R was of the same order of magnitude as r at low
s b

I (R 5.). As a cons.equence, the thermal noise generated by Rs cannot

be ne'le,ted and has to bc incorporated in eq. (10). The expression for

SLR becomes
s

SLR = 2eIc + "kT (rb +R s)g
2  S + Sif+ Sifbrb gm (11)

s

The observed white noise levels of the low R spectra were extrapo-s

lated by subtracting out the 1/f component and were found to lie above the

shot-noise levels. We note from equation (11) that there are two contribu-

tors to the observed white-noise level, that due to I and that due to (rb+Rs).

The difference between the observed white-noise level, (SLRs )W and the

collector shot noise (2eI C) is attributed to (r b+Rs). Therefore, we have a

way to calculate rb since

S -
2eIC = 4kT (rb + R)g,

rb = [ LR - 2eIc] IT) 2 
- R . (12)(2eI C)2 s

The calculated values of rb are indicated in the data tablr below. We notice

that the base resistance decreases with increasing emitter current as it should

for increasing injection, see van Vliet and Min [91] (the dependence is

roughly as 1 / 1E ; see also Spenke [10]).
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Table of Data Obtained

I %ow R Data Hich R Data

Bias rurvu I r):.... j Curve I I ().I

---<A I _2.251 340 4 .172 X 1 0
-  IV 6.7%A 362 1.2 X 10 -

3 -,,A ii 1.3 mi, 420 92, 2.17 X 10 - 6  V 3;.A 363 6.6 X 10 - '

: IA III 5O3 -A 413 202 1.86 X 10 - C VI 1.2",A 307 9.2 x lo- 8

To calculate the ma :nitudes of S and S we look only at
ifc ifb'

the i/f portion of our spectra (i.e., at f < 100 Hz) where we are above

the shot-noise level and can write, at low f,

SLR = S ifb(rb 2 gm 2) + Sif c  (13)
s

and

S + ~S ifc (4
HR ifb + (14)

Having two equations involving the two unknowns Sif c and S ifb we solve

for S and find

i fc [ 12
Sifc= 5 LRs r b9j HR (15)

r bg m  B2

Now from inspection of Figure 5, we see SHR << SLR at 1Hz, and since
S s

[b]2[ r12_ 1
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we can neglect i/K and (15) simplifies to

SLK = ifc • (16)
S

We sue at low frequencies the low R bias configuration isolates S. .fS C

Solving; Sir b we find

SLR
S

Si fb SHR . (17)

From ,,ur -.,:o. e.: i :Acter of ten less than SHR at 1Hz, and we

S

s. . , .ti lv isolates Sifb .

,i.,' been identified, we must apply

.t . , i::cory equations (1) and (2) to

S - -• . :.ira:-Oter a. Since tha low

F :r ::t. i% %. , 2 w haves

S = S.i c (18)-LR if Is Ep

Solving for a and using equation 2, we have
p

SLR f
a= [P()] (19)

Toetmaete ai P(O)w)a

fTqlEn I P( (¢B)

To estimate the ratio P(0)/P(W B according to Kleinpenning [5, eq. (A7)],

we have the inequality

P(0)/P(w) < iWVs/D (20)
w r vp

where v is the saturated drift velocity. Using this permits us to calculate
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a minimum value for L. Further, we know

= ' p .* (21)
WB T

For our silicon PNP with f T = 200 Miz, wB = 1.35 ,im. Using v s 107 cms-i

we calculate zn[P(0)/P(wB)] < 4.75. This value, used in eq. (19), gives the

minimum values of a tabulated in the data table for S LRevaluated at l.z.

Values of a p 10- 6 are small but typical of silicon at room temperatureP

according to Bosman et al. [6, Fig.5).

For the case of base 1/f noise, we have

S H Sifb ' S 1 (22)
s En

and using the base to emitter expression (3) we have, for a.,

SHR f 2cdn

S = ) (23)

qIB n LN(wE) J

since IEn = IB in a P+NP transistor. We saw for the case of holes the ln

term in the denominator did not significantly affect the order of magnitude

of a, and we expect a similar case for electrons. We take £n [N(O)/N(wE)I< 5.

since we expect the ratio of electrons in the emitter to be a few orders of

magnitude greater than the ratio of holes in the base due to the high recom-

bination of electrons in the heavily doped emitter. Using this and the approxi-

mation that TdTd suggested by van der Ziel" [5] we calculated the minimum

values of an which are tabulated in the table for S HRs evaluated at 1 Hz. Here

we see the values of a are one or two orders of magnitude lower than cx , whichn p

at first glance seems to imply that recombination current fluctuotions, Cause 1,

still account for base I/f noise. However, we realize that we have a P+NP



-43-

device where the emitter is heavily doped and our observed a is diminished" n

by an impurity mobility reduction factor. We have, according to hooge et al.

[7, eq.(8.10)],

"im U (24)
abserved = latt ] true

From the study by Jacoboni et al. [8,Fig.5], we see, for an impurity concen-

18 -3
tration = 7 X 10 cm the ratio of v. /Ilatt 1/10. Using eq. (24), we

obtain a minimum value of 10- 5 for (a ) true.
n

Bosman et al. report a values ranging between 10- 5 and 10- 3 for electrons

in n-type silicon. Hence we conclude that the 1/f noise in the base of tran-

sistors can also be attributed to a mobility-fluctuation mechanism, similar to

the one causing the collector I/f noise.
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III. High Frequency, Amplifier and Noise Diode (J. Andrian)

a. Amplifier

We need a standard noise source and high-frequency amplifier to per-

form noise measurements in the high-frequency range. We can have that by

using 5 dual gate amplifiers in parallel with a common source as output,

see Fig. 7.

We give one stage in Fig. 8a. This configuration has a very good

performance at high frequencies.

The output stage is necessary to match impedance, see Fig. 8b.

b. Standard noise source

The idea is to have a flexible noise source using a noise diode (5722).

The circuit used to build that noise source is given in Fig. 9.

IV. 1/f Fluctuations in Radioactive Decay Rate (Jeng Gong)

The block diagram of the counting system being used to investigate

1/f fluctuations in a-particle emission rate is shown in Figure 10. The

source is 95Am 24 1 , which decays with a half-life of T = 458 years with the

emission of 5.48 MeV a-particles into 9 3Np
2 37 . The detector, a silicon surface

barrier detector, is reverse-biased at 80 volts, and the dead time of the

Analog to Digital Convertor and Multi-Channel Analyzer are 6 n-seconds and

6 p-seconds respectively. Therefore, no dead-time correction is necessary,

as long as the counting rate is kept lower than 1000 counts per second (or

the averaged time elapse between two counts is higher than 1000 P-seconds).

Based on van Vliet and Handel's Allan-variance transform theory (see

A2
section C), the Allan variance, 2, for Poissonian shot noise with spec-

trum Sm (w) = 2m , equals moT. Where m0 is the average counting rate in the

-m 0 ,
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time interval (t, t+T), and m T is the averaged total counts for a time

interval T. For i/f noise with a spectrum of S (w) = 27C/> ,the Allan
m

variance is 2CT21n2.

For suppose that the radioactive decay is composed of white noise,
A2

i.e., A2 = m T + 2CT 21n2; recall that <MT> =moT, then a measurement ofAtr 0

R(T 2MT /<MT > 2 yields R(T) = 1/moT + 2C'1n2, where C' = C/mo2 is a con-

stant in the order of 10- 6 . For short time intervals the term 1/m T is
0

dominant; hence R(T) is proportional to l/T. When T is long enough,

2C'in2 becomes dominant; R(T) is, therefore, a constant.

The measured R(T) versus I/T is shown in Figure 11. It shows clearly

that for T small R(T) is proportional to I/T, for T large R(T) becomes

independent of T. The 200-minute measurement, R(200), is 53% higher than

Poissonian noise, which indicates that 1/f noise becomes comparable to shot

-4noise at this frequency (1/200 minutes = 8.3 x 10- Hz). A measurement of

R(400) gives a value very close to that of R(200)'s, which is strong evidence

that 1/f fluctuations do exist in a-particle emission rate, since we expect

R(T) to be a constant for 1/f noise, when T is long enough.

The points in Figure 11 don't fall on the line very well; this is due

to small sampling size (only seven sets of data were acquired for 400-minute

measurements). In order to determine the minimum number of intervals needed

for an accurate measurement, we then plot R(T) versus the number of intervals,

N, for different T's. These figures show that when N is small, R(T) is spread

over a wide range; when N is increased, R(T) is converged, and finally reaches

a stable value.

For example: Figure 12 shows that for T =100 minutes, 21 sets of

measurement give R(T) = (7.09 ± 3.94) x 10- ; for N = 24, R(T) = (7.23± 2.14)

-7 -7
x 10 ; for N=27, R(T) =(7.13 ±1.85) x 10 . Here R(T) is given in the
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form of (mean value ± standard deviation). From Figure 13 we know that for

T= I minute at least 70 sets of measurements are necessary for a reliable

value of R(T). Figure 14 shows that for T=3 minutes we need N > 50.

According to the above analysis, we then measured R(T) several times,

with sufficient number of intervals contained in each measurement. The

averaged values of R(T) are shown in Figure 15, which is much more reliable

than the results shown in Figure 11. From Figure 15 we see that 400 minutes

is still not long enough to obtain a constant R(T); longer time measurements

are necessary.

In Figure 16 we show the comparison of Allan variance and normally

defined variance,

N 2U2 L -- l(Mi 2<>
N - 1<> ,

from which we see that for T small A2 is proportional to T, for T large it
MT

shows the tendency of T2 . The normal variance shows similar behavior; how-

ever, it does not behave so well as the Allan variance does. Hence the

Allan variance is the better tool to investigate 1/f fluctuations in count-

ing experiments.

1.!
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+ + + +
V. Noise in Near-Ballistic n nn and n pn

Gallium Arsenide Submicron Diodes
(R.R. Schmidt, G. Bosman, C.M. van Vliet; L.F. Eastman
and I. Hollis, Cornell University, Ithaca, N.Y.)

a. Abstract

D.c. characteristics and noise neasurements In the range 1 hz - 25 khz

+ + + +
are reported for n nn and n pn near-ballistic devices, with n regions

(p regions) of 0.4 pm (0.45 Vm) , fabricated by molecular beam epitaxy at
+ +

Cornell. The n nn mesa structures show very low 1/f noise, Indicating a

ooge parnmeter a. H= 2 x 10- 8 . This very low noise is attributed to the

near absence of phonon collisions. The thermal (-like) noise above Ikhz is

equal to Nyquist noise at the lowest currents, rising to slightly above Nyquist

noise for high currents, indicating the.presence of carrier drag effects. The
+ +

n pn noise, on the contrary, is quite high. It secxns to be associated with

the current which is present below punch-through. The Rs)cctral shape indi-

cates a diffusion origin. The importance of nolse in!,tmrvmcnts for dis-

criminating between the various existing d.c. current trtatments is discussed.

b. Introduction

Submicron gallium arsenide structures are of great current interest,

since they permit ballistic or near-ballistic electron flow, which in turn

leads to carrier velocities that far exceed the saturation velocity in colli-

sion-dominated conduction, thus enabling the design of picosecond switching

devices and other novel applications. The fabrication of submicron devices

has been made possible by modern MBE techniques, electron lithography, etc.

For GaAs near-ballistic behavior requires that the distance to be traveled

by the injected electrons is less than or of the order of 0.7 pm. Eastman

et al. report1 ) that the mean free path for phonon emission into optical

polar modes at room temperature is 0.1lm for electrons of 0.05eV, and
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0.2km for electrons of 0.5 eV. Phonon absorption has a longer mean free

path and can be neglected for the devices reported here, having thicknesses

+ +
of 0.4 pm (thickness of n layer in n nn devices) and 0.45 pm (thickness of

+ +
p layer in n pn devices). At higher electron energy intervalley scattering

becomes important, thus limiting the near-ballistic range to about 0.5 eV

of electron energy. In a sample of 0.4 1im thickness about two phonon

emissions may occur. These involve, however, small angle deflections only

(50- 100) and have little effect on the d.c. carrier characteristics, accord-

ing to Ref. 1.

The theory for "pure" ballistic behavior (no collisions suffered what-

soever) was developed by Shur and Eastman in 1979 in a basic paper on this

2)
topic . They solve Poisson's equation, allowing for space charge of both

fixed ionized donors (or acceptors) and injected carriers. Employing boundary

conditions which neglect the initial thermal energy of the electrons injected

from the n+ into the n layer (or p layer after punch-through), they find the

solid state analog of Child's law in vacuum tubes. For sufficiently small

voltages there is a domain in which the current I goes as V 2 ; when the

injected space charge exceeds the fixed charge due to the ionized donors

or acceptors, the characteristic changes, however, to the familiar V 3/ 2 form.

In Ref. 1 measurements are presented which fairly well support these pre-

dictions, providing the nonparabolicity of the bands and the onset of inter-

valley scattering at higher voltages are taken into account. In a later

3) 4)1theory, Shur and Shur and Eastman extended the theory to that for "near-

ballistic" devices, in which few collisions can occur. Since the Boltzmann

equation would be inappropriate for that regime, the collisions are taken

into account by adding momentum and energy "drag terms" to the otherwise
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ballistic equations of motion. In this way, the transition from Child's law

(t--, where r is the collision time) to the Mott and Gurney law, I _V 2

(finite t) is covered by this approach.

Two modifications have been proposed by others, which may have a

bearing on the present paper. First, Rosenberg, Yoffa and Nathan5 ) discuss

the effects of "spillover" of carriers at the n +n high-low junction. This

means, in essence, that the boundary conditions must be changed to account

+
for the depletion of n regions and spillover into the adjacent Debye lengths.

As a result, the effective width of the n region is smaller ind the current

is higher than that computed in Ref. 2. Secondly, Cook and Jeffrey6 ) have

indicated that the energy or velocity distribution of the electrons cannot

be neglected. The velocity dispersion is accounted for by the introduction

of an electron temperature gradient term in the momentum balance equation

(op cit eq. (8)). Though they argue that this leads to the occurrence of a

potential minimum somewhere beyond the "cathode"--rather than at the cathode--

similar to Langmuir's treatment of vacuum diodes, we have great reservations

about their treatment, as we discuss in section 5. Undoubtedly, however,

the inclusion of the velocity dispersion is essential, if not for the d.c.

characteristic, yet certainly for the velocity-fluctuation noise.

In this paper we will describe both low-frequency and high-frequency

noise measurements on near-ballistic devices. These measurements are pre-

liminary, in that a full-scale investigation, involving a variation of dimen-

sions, temperature, and magnetic field, is still underway. However, definite

reuls t oo tmpraur fr + + +
results at room temperature for n nn and n pn devices of 0.4 Im and 0.45 im,

respectively, will be reported. Such measurements serve a threefold purpose.

First, from a practical point of view, noise data reveal the practical per-

formance limitations of the novel high-speed devices. As we will indicate--
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+ + + +
the noise of the n nn devices is extremely low; the n pn devices, however,

fare much worse. Secondly, noise measurements at audio and subaudio fre-

quencies shed much light on the 1/f noise problem. According to most recent

theories, such noise is thought to be caused by mobility fluctuations

(see, e.g., Hooge et al.7) and van der Ziel8 ) . If collisions in the near-

ballistic regime are rare, one expects the 1/f noise to be very low and

ultimately, in "pure" ballistic devices, to be absent. Our preliminary work

+ +
in n nn devices indicates that this could be correct. Third, and not least,

we believe that the high-frequency noise (thermal, velocity-fluctuation, or

diffusion noise) will shed much light on the mode of operation of near-ballistic

devices. To date, no full-fledged theory for such noise exists; we only have

9)10)
some preliminary computations by van der Ziel and Bosman . iwever, once

this noise is understood, we will have a powerful means of substantiating or

amending the various theories mentioned in this introduction. We come back to

this in the discussion of the results, section f.

c. Experimental

The near-ballistic diode (NBD) is a sandwiched mesa structure of five

lightly doped p or n layers, alternating with heavily doped n+ layers, see

Fig. t7. The doping densities of the various regions are 1018 cm-3 for the

+ 015 -3
n regions, approximately 2 x 10 cm for the n regions and approximately

6x014 -3
6 x 10 cm for the p regions. The diameter of the mesas is 100 lm. The

devices were manufactured by molecular beam epitaxy at the Cornell University

Submicron Research Facility. The mesas were provided with very low ohmic

+ +
Au-Ge contacts. A low-frequency equivalent circuit of the n nn device is

given in Fig. 18. The main element (n regions) has a resistance of order

+ +
0.75SI. For the n pn devices the p layers gave a resistance of order 90Q

at lmA; the parasitic resistances in this case were negligible.
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The characteristics of the two types of devices are quite different.

The noise measurement of the n NBD's, in particular, was a challenge. To do

this we used the setup shown in Fig. 19. A Hewlett Packard 3582 spectrum

analyzer, featuring a dual channel fast Fourier transform method, was employed.

By measuring the coherence (square of the correlation) between the two chan-

nels, noise levels significantly below the noise level of the preamplifier

could be detected. For the preamplifiers we used five common emitter transis-

tors GE82 in parallel. This resulted in a 7p noise resistance for fre-

quencies above 20hz. The equivalent noise resistance of the cross-correlation

setup is not known at this moment, but is believed to be a few tenths of an

ohm, thus enabling us to measure the thermal noise of the 0.752 devices.

The d.c. I-V characteristic of an n-type device is shown in Fig. 20 In

contrast to the device reported in Ref. 1, there is no clear V 7 region; how-

ever, the slope seems to be less than one for very low currents. As in Ref. i,
3/2

the V region is never reached for reasons indicated in the introduction.

In the range of interest for the noise measurements, the characteristic was

essentially linear with R = 0.75P . This is also confirmed by the a.c.

resistance measurements in Fig. 21.

The d.c. I-V characteristic of a p-type device is shown in Fig. 22.

The device is linear up to a current level of 1 mA, corresponding to about

R = 90 Q. The slope then increases to a value of about 3 in the 10 to

100 mA range. Finally, at very high currents the slope becomes less, perhaps

approaching three-halves and the slope falls off. The a.c. resistances are

again flat for all measured frequencies (up to 25 khz).

+ +
d. Noise of n nn device

The magnitude of the noise current spectrum for four different currents,

in the frequency range lhz-25 khz, is shown in Fig. 23. Thermal levels and
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excess 1/f noise are seen. To determine the thermal (-like) noise levels, the

1/f components are subtracted. The results are shown in Fig. 24 The levels

are averaged over the frequencies for which there is a plateau (1 khz-25 khz;

the 75mA curve may, however, show some g-r noise from 1 khz - 7 khz; the

thermal-like noise occurs for 7 khz and higher). The ratio of these averages

to 4 kT/0.75 in plotted versus bias current in Fig. 25. We note that there is

an indication that the noise exceeds the true thermal noise 4 kT/R at the
x

higher bias currents.

The 1/f slope of the noise for the higher current levels is clearly

seen, and straight-line approximations are made to the data. The values so

obtained at 10hz are plotted versus bias current in Fig. 26. We note that

the expected behavior for i/f noise, SI. 12 is well satisfied.

+ +
e. Noise of n pn device

The noise current spectrum versus frequency for several bias currents

of an n p n device is shown in Fig. 27. The excess low frequency noise of

this device is orders of magnitude larger than for the n-type device.

Another notable feature is the frequency dependence, which shows a slope of

-0.7 - 0.8f to f- . Extrapolating to Lhe corner frequency above which thermal

noise dominates gives a value of over 100 ihz for even the lowest (100 iA)

bias current.

The dependence of the noise current at 100hz on bias current is dis-

played in Fig. 28. There is an I2 dependence up to about ImA. At higher

currents the noise increases less fast.

f. Discussion of n + nr. results

The I-V characteristic is not very pronounced in its deviation from

strict linearity, yet it may represent near-ballistic behavior1)
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I. f no i "t'

In 1969 Hooge developed the following empirical formula for 1/f

noise:

S, (f)/ = /fN (5.1)

where f is the frequency, N the total number of carriers in the sample con-

tributing to the noise, and a.l is Hlooge's parameter. Initially, ar was

thought to be a constant, of order 2 x 10- 3 . Later on, it was found that

material variations for a do occur, whereas, in addition, aH decreases as

(/'1 ) if impurity scattering dominates over lattice scattering (u);

Bosman,Zilstra, and van Rheenen 11 ) also found that aH decreases due to

carrier heating. In a nonhomogeneous sample in which the carrier density is

a function of position, n(x), such as occurs in our mesas due to spillover

(section 1) and injection, eq. (5.1) must be modified. It is easily shown

(van der Ziel and van Viet 1 2 ) ) that in that case (5.1) is to be replaced by

L

S I(f)/I 2 = Ca /fAL2m) dx) (ballistic case) (5.2)

0

where m is the number of n layers in series, L the width of one n layer, and

A the cross section. Whereas the detailed profile n(x) is complex, we see

from Ref. 2, Fig. 3, that for most of the layer n(x) = 0.7n ,where no is the

doping density. With this estimate we obtain for aH from Fig. 26.

N1 = 2.2 x 10
- 8 . If, on the other hand, the diode is not ballistic but

collision limited, we proved in Ref. 12,

S (f)/1 2 = a1 (9R )/L 2 f (collision limited) (5.3)
Al H x tot

where L = ml, is the total width of the n layers and R is the total
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obse rved resistance, while 11 is the lattice mobility. Taking for the latter

-8
8,500 cm/V sec, we obtain: ot 6.2 x

Vhile the vlue of U If for bulk GaAs is not known at present, we may

surt.ise that it is of the same order as for other semiconductors in which

lattice scattering dominates, say 10 . Thus, whatever model is used, the

above values for a i are extremely low, thus confirming that collisions are

mainly absent in this device. Moreover, if H1andce's theory of 1/f noise is

13)
valid , very low noise can be expected from those collisions which still

occur, involving polar phonon emission. As we noticed, the deflection angle

6 for such processes is very small, whereas in Handel's theory of quantum i/f

noise, the magnitude goes as sin- 2 . Measurements on 0.24 ;j devices are

in the planning stage. It is hoped that for these devices % H shows a con-

tinued decrease. So far, the results arc the best confirmation yet that i/f

noise is caused by lattice phonon collisions.

2. Thermal noise

The designation "thermal noise" is used here for the thermal-like

noise observed at high frequencies. In a collision-limited device this noise

is due to the diffusion-noise source, which by Einstein's relation transforms

to a thermal-noise source for cold electrons. In the space-charge limited

injection operation (Mott Gurney law), the noise becomes then 8kT/Rx

1014)
see 10)14) In a "pure" ballistic device, on the other hand, this noise is

due to shot noise. However, the vacuum case shows that the noise is dis-

tinctly governed by the velocity distribution of the omitted particles.

Thus, a treatment as the Child's law analog of Ref. 2 will not suffice to

obtain the noise; the latter must be patterned after Langmuir's derivation

of the d.c. characteristic; see in particular the noise treatment by

15) 16)D.O. North and Schottky and Spenke 1
. Lacking a detailed theory,

van der Ziel and Bosman9 ) indicated, neverthelet:s, that subthermal noise,
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04kT/R with v<i, can be expected. This is not corroborated by the resuitsx

of Fig. 25. Miile it is very unlikely that the collision-limited case applies--

in view of the low I/f noise reported above--it is likely that carrier drag

effects, such as considered in Refs. 3, 4, and 6, take place. These effects

should be considered, by considering a Langevin equation patterned after the

3)14)
momentum and energy balance equations of Shur and Eastman , but with velocity

dispersion at x = 0. The approach of Cook and Frey, on the other hand, which

includes collective velocity dispersion effects in the momentum balance

equation of a single electron, seems highly inappropriate; noise theory in

vacuum tubes tells us that, in the space-charge suppressed ballistic case,

the carriers in different velocity groups fluctuate independently. For the

near-ballistic regime with corner drag effects, the same independence can be

expected. Thus, as stated in the introduction, the development of a complete

noise theory for near-ballistic devices may aid considerably in discriminat-

ing between the various existing approaches employed for the d.c. behavior.

+ +
g. Discussion of ipn

These devices showed large excess noise. The noise is not very close

to 1/f. If, nevertheless, we apply Hooge's formula, at 10hz and 100,iA, we

-3
obtain a. 3 x 10

For V > 200 mV, the I-V characteristic of Fig. 22 is in reasonable

agreement with the theoretical predictions and previously reported result

The current below the punch-through voltage (150mV) is not well under-

stood.

It is significant to note, however, that the character of the noise,

in particular its spectral shape, does not change when we pass the punch-

through voltage, see Fig. 27; only, above the punch-through voltage, the

noise magnitude starts to decline, going no longer as 12, see Fig. 12. This
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can be explained if the current above punch-through is composed of two parts,

I (punch-through) and I (normal). Extrapclating the data below 150mV to higher

voltages (see dashed line in Fig. 22), we can replot the noise versus I (punch-

through) rather than versus the total current. Thus, if the abscissa in

Fig. 28 is interpreted as I (punch-through) only, all points (see the *) fall

now on the line for 12 (punch-through).

Altogether, it seems to us highly doubtful that the low-frequency

noise is mobility-fluctuation 1/f noise of the Hooge type. Rather, it seems

that the spectra represent a one-dimensional diffusion process (for low fre-

quencies such a process goes as f..)17) If the diffusion is due to ambipolar

+ +
hole-electron motion in the floating base of the n pn device, the effect

should be determined by D, ("+n) in this case, since the electrons are

near-ballistic. The turnover frequency ;; D /2,TL 2 lies at 10 9hz. It isP
-0.5

thus reasonable that for audio frequencies, with the effect rising as w

or steeper, there is a large low-frequency tail. Whatever the cause of the

effect, it seems to be associated with the presence of current (diffusion

current?) below punch-through. We finally remark that similar-type spectra,

going slower than 1/f, were observed in 6 m p+ np+ punch-through diodes by

van de Roer
18).

h. Conclusions

+ +
Near-ballistic n nn devices exhibit extremely low 1/f noise, with a

Hooge parameter of 2 x 10 8 . This indicates that the 1/f noise is probably

caused by lattice scattering (possibly due to polar optical phonon emission),

which is rare in the near-ballistic regime. The thermal noise of these

devices is slightly higher than Nyquist noise for the highest current

levels observed. It indicates a near-ballistic origin, affected by

carrier drag effects and by the velocity dispersion of the injected

carriers,
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+ +
Near-ballistic n pn devices exhibit very large low-frequency excess

noise, probably of a diffusion origin. The noise seems to be associated with

the current denoted as I (punch-through), which is present below the punch-

through voltage. The noise rises as 12 (punch-through), the latter being also

extrapolated from Fig. 27 above the punch-through voltage. Thermal noise for

these devices, requiring measurements above 100 ',hz, have not yet been carried

out.

+ +
Similar measurements on n nn diodes are being reported by Peczalski,

van der Ziel, and Hollis1 9 )
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C. THEORY DEVELOPED UNDER THE GRANT -

I. Proposed Discrimination between I/f Noise Sources in Transistors

(A. van der Ziel)

a. Summary

There are fe!u p)osi2ble i/f nuis,' ;orccs in t-ri s :if-tors;

the two 'ost irI. :ot.nt ones al-, recoiib.nati ] /f noise .1I, the

omjitter snace CJa:cle -(jion and mobilit., fluctu ti oll 1/f nose

in the collector current. It is ,sh)own that an ,:dension of

the P], mb-Chencttc proceCiure can cdi:crimi nata lteo these

possibi i ties.

b. 1/f noise sources in transistors

'herc are four possible 1/f noise :,ources in l-n-p

transistors:

1) 1/f noise in the recombination current I R of thie ,e itter

space-charge iegion, either at the surface or at

dislocations. The first is usually attributed to

fluctuations in the surface recombination velocity,

as first'introduced by Fonger and verified by ]Isu

2et al. . For an alternate but. less likely interpretation
3

see Klcinpenning

2) Mobility fluctuation 1/f noise in the hole curront IEp

flowing from the emitter to the collector.

3) Mobility fluctuation 1/f noise in 'the electron current IEn

flowing from the base into the emitter.

4) Resistance fluctuation I/f noise in the base resistance

Ib of the transistor. Because the base 'urrelnt IB is

relatively small in a good tran.sistor, this is prl-bably

a very small effect.

.
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The mobility f luctuat ion 1/f noise wu rcc'. :.t ly

i ltroduced by Kleinpenning 3 in his di scim:;ion of ]/' noise

+in p -n diodes. We sh-All see that source (3) is sm!in 11 in

compatison .ith source (2) , so that the most significant

noise sources are (1) and (2)

There is considerable evidence , mostly assembl ed by

!loocle and his coworkers, that 1/f noi so in semiconductors and
4

semiconductor devices can come from molh ]ity fluctuations

Becus;o of the Einstein re].ition, filuctua tio:is n tc mob ilty

p imp]y fluctuations I t1e diffn:;j ol const'!nt L) . .oi :;. C(,

qDp : kT P we haVe q6D = ktpj (1)

and we can write with Kleinpenninq 3

SDp(X,x',f) S p(,,x' ,f)

SW(x' - x) (2)
D2  2 fP (x')
p p

where u is the Hooge parameter, f the frequency, P (x') the

hole concentration for unit length at x' in the base and

6(x'-x) the Dirac delta function.

Kleinpenning 3 has calculated the hole current noise

spectrum in a short p +-n diode due to mobility fluctuations.

Since the base region of a p +-n-p transistor corresponds to

a short p +-n diode with an infinite recombination velocity

at the contact to the n-region, his equation (59) can be

applied directly. Assuming negligible recombination in the

1!
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base and relatively small injection, we thus! obtain for the 1
spectrum of the emitter-collector currcnt 1EP

S ID p IEpe CL 2(11 a In[] (3)

SIEp

wEp 2 f DI 4()dp w)

where Tdp = w2 /2D is the diffusion time for holes throuoh the

base region, w the base width and P(o) and P(%w) are the hole

concentrations for unit length at the emitter side and the

collector side of the base, respectively.

In the same way we have for the 1/f noise of the eloctron

current I injected from the Ulaise i nto the emitter

S (f) 2q1n) (4)
I En n4idn I W

where q 2 /2 Dn' W the width of the emitter reqion, Dn the

electron diffusion constant in the emitter region, whereas

N (o) and N (WE) are the electron concentrations for unit length

at the base side of the emitter and at the emitter contact,

respectively.

Since I is about two orders of magnitude smaller than
+a

IEp in a good p -n-p transistor, whereas Tdn and Tdp arc of

the same order of magnitude, S1  (f) will be about two ordersIEn

of magnitude smaller than S Ip(f), so that process (3) is

most likely insignificant.

Since the cut-off frequency fT of the transistor is given by

fT -- (2' 'dp) l (5)

Si p(f) is proportional to fT' so tlat it is largest for
Ep

microwaive transistors.
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The exLension to n -- n transio icd by

i ut ,rehan ilng 1 with p and N w.:ith P ,rt ',tivel .

It will no, be shown how one can discriminate between the
+

noise sources of a p -n-p transistor. To that end we look

at thle current flow in the transistor; Fig.29a shows the

currents IEp, In and I R ' The corresponding cquiv;i ]cot circuit

for the noise current gcenerators 61 61 and 61 is pictu'-s

in Fig. 29b. Wc' note that 61]7 is connected betweCn emitter and
1p

collector and 61 1, -nd 61 R arc Connected he tv.,ooln 0 t.t,r 1nd

hasc. Thu re, are thus two cu rrcnL gcn,',ator s ifl ,Ind a f2 i

is connected between hase and emitter and i between collector12

and emitter. As seen by inspection

if -1 - 61En ; if2 - -6Ip (6)

Due to this topology and with the help of the Plumb-Chenette

approach we can now discriminate between i and i f In

Fig. 30 the emi.tter resistance RE is chosen so large that the

emitter can be considered as being fed from a constant

current source. An external resistance Rb is connected

between base and ground and the collector is a.c. connected

to ground.

According to Fig. 2 we have for the noise voltage v between

emitter and ground, since i e -fl f2

v ~ ~ ~ ~ f f2 r a ( +r(
fl f 2 )rco - cxoie(Rb + r1 ) 'f2(Rb + rb)

= [rco ob + rb)] 4 if2 re + (1 - O (Rb + rb)]. (7)

f- 0
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We now d.1termine v2 is a function of Rb. Since th c first

t-lri in thec su'cond h1,1f of (7) is Zero when !

r - x (r + R = 0 , or Rb r( O. - , (8)

the noise source i., gives rise to a sharp minimum in v versus
2

Rb; from the parabola thus obtained the value of i can be

determined. The existence of this parabola is an indication

that the current qcnrator ifl is present.

The second term in the second half of (7) depends very

slowly upon Rb h bca ose (1 - o  . a .i; 1). numbcr. ]By measuri ng
2

the spectrum in the minimain of tho v vc P) c"'O. , Cee can
determine f . T c r'ason is thait 1:le ]/f h~i:t: of the !;pecttmn

Comes from if2' whereas tihe. frequency-indepelucnt part imust

be attributed to thermal noise and shut noise. This situation

is pictured in Fig. 31.

If the effect of if2 is extremely small, it may be

assumed that 6 1En is also negliqible; the noise is then

completely attributable to noise source (1). If the if2

effect is appreciable, one can estimate the effect of

6I " and so determine the relative significance of theen

noise terms (1) - (3). We can then also determine ilooge's

parameter from i21f2

We thus see that the disccimination between 1/f noise

sources in transistors is possible bv.an extension of the

Plumb-Chenette procedure. Experiments are on the way at the

University of Florida to carry out this discrimination;

we hope to report on these experiments at a latcr date.



-64-

Acknowledgement

The author is indebted to Dr. P.11. Handel, Dr. F.N. Hooge,

Dr. T.G.M. Kleinpenning and Dr. L.K.J. Vandamme for helpful dis-

cussions and to Dr. Kleinpenning for private correspondence.

Since Kid inpenninql' s deriVa icon of ~q . (3) is not c.-tsil y

folo~.'dwe derive it here with the he~lp of the c -snP~n

method. if P (x) is the hole concentration for unit "Iength

at x, we have for smaill injection

II' = -qD dP/dx (A.])
Ep p

if we have fluctuations 6D p(x,t) in D ,f they will drive

fluctuations 61P(x,t) in P, so that 61 Cp t) depends on timei

only, at least if the junctions are a.c. short-circuited. lience

6I1. (t) = -D d[Pxt]- q dx 6D (x,t)

=-qD d (A.2)

where

H (x, t) =-q dP 6D (x,t) = I t~<D (x~t)/D~ (A. 2a)

Ep E

SH(x,x ,f) = 2 S x, f )/D 2  Ep. - x)l (A.3) (

Since P(o) and P(w) do not fluctuate if the junctions are a.c.

short-circuited, 6P(o) and 6P(w) are zero. Multiplying both

sides of (A.3) by dx, integrating over the base length w, and
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bearing in mind the boundary conditions for P (o) and YP(w) , y~nw

(t) t)(X A
po

0

Makinq a Fourier analysis yields

w wT I
ME =l ---1Si X ' ' '  :- : -, 2 f p ( L I X

0 0 0

Substitutinq for I from (A.1) yields Eq. (3)Ep

Trhe value P(o)/P(w) is eaqily ~stimate(I fr-om the d(\,ico

dimensions and parameters. According to 1, lei ii;onnj n (private

correspondence)

ILp qD pP(O)/W and I E 1. qP(w)v s  (A.6)

whore v s is the saturation velocity, of the carriers. Hence

P(o)/P(w) < wVs/D (A.7)
S p
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II. On Mobility Fluctuations in 1/f Noise (C.M. van Vliet and ,.J.-J. Zijilstra,

Phys ics Laboratorv, State t'nivclrSLi Vtrcht, The Nutherlands)

a. Abstract

If l/f noise, as expressed by Hooge's formula, is attributed to

mobility-fluctuations noise, then the latter can be represented by a source

S, hi = /f; there is no factor N in the denominator and there is no

cross-correlation source, as claimed in the literature.

b. Introduction

The current opinion is that flicker or I/f noise in metal films on

semiconductors and devices is to be interpreted as a bulk effect; for a

homogeneous sample with N current carriers subject to a mean current

10; the current-fluctuation noise is expressed by Hooge's formula

SAI= cH10 2 /fN ,()

where aH is Hooge's parameter, which supposedly can depend on the electrical

field E0
2 ) (often but not always of order 2 x I0 - 3 ) and f is the frequency.

Zijlstra 2 ) has shown that in nonhomogeneous samples or devices (I) is to

be replaced by the noise of a current density source N( ,t), such that

AJ = (AJ) + H(r,t) + r(r,t) (2)

where (AJ) is the current density fluctuation of the phenomenological
Iv phen.

laws, n(rt) is the diffusion source (of no interest to us here), H(r,t)

is the I/f noise source with the cross correlation spectrum for N(0t)(r',t)

being given by the tensor spectrum

S (r,r',f) = a J (r)J (r')6(r - r')/fn (r) (3)
H~~~~~~~~ ^UW01 10I, 1\ % .

where J (r) is the steady state current density and n (r) the steady state
W 0%

local carrier density (here assumed to be electrons). For .1 homogeneous

L k
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rswtle i ration of (3) over the c.ds to (I. If 1(r) is a

curvilinear unit vector in the direction of i (r) and I I the unit

ten:sor, we also 'rite 0 = J I S S I I, SO 1at

SH(r,r',f) =a 1 Jo(r)] 2 6( - ')/fn r) (4)

It is now customary to write SH in terms of conductivity-fluctuation noise

S . Since J = oE, we have for the source in o (o is assumed to be a scalar),

noticing that SH represents a Norton source (E = E0 is kept constant),

A°/O = Ai/ 0; hence Aj = (AO)phen. + , with ao/O0 = H/J 0 ; this

gives as spectrum

S (r,r',f) = a [o (r)]2 6(r - r')/fno(r) (5)

When now the conductivity-fluctuation noise is attributed to mobility
• 3)

fluctuation noise, it is further argued that (see Kleinpenning , van der

Ziel 4), since a = e n, one has for fixed n = no: = (A) hen +

with / / 0  a 0/aO; this gives a spectrum

S' (r,r',f) = a [ (r)j2 6Cr - r')/fn (r) (6)

However, even though n(r) does not contribute to 1/f noise, this density

remains a statistical quantity. Therefore, 7: 0 G0'J so that (6) is

incorrect.

c. Drift-velocitv noise

A different view as to the connection with mobility-fluctuation noise

was in principle already given by Zijlstra 5 ) . Let = v.> be the
1

....... ....... ......... II
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drift velocity of the ith electron in a volume AV, centered on r. Then

Av.(t) (7)

where N(r,t) = n(r,t) AV. Since we do not consider g-r or diffusion noise,

we may consider n(r,t) = n (r) is constant. However, to all likelihood
110 '

the electrons in4V are scattered independently. Thus

e2N(r)
S (rr',f) - S (f) (8a)
H '" () 2  Av(r)k,(Av) 2

where S is the drift-velocity noise of any electron in the neighbourhood
Mr (r)

of r. The cross correlation for different volumes AV centered on r and r'

is zero since the velocity fluctuations are uncorrelated. Thus replacing

in (8a) I/AV by 5(r - r') we also have

S (r,r',f) = e2 n (r)6(r - r') S((f) (8b)

Comparison with (4) yields

SA() = aH[Jo()]2/e2[no(r)]2 f HO()Eo()] 2 /f (9)

With v = pEo this gives the mobility fluctuation noise

S 0H([ = (H[O()121f (10)
Aii(r) 0

In the absence of hot electron effects v does usually not depend on

position, while also aH is then independent of EO; then

SAP a H PO02/f (11)

(II,)

fr€
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Theori es for I/f noise caused by mobi li ty f I nctuations !hould therefore

aim at explaining the simple relation (11) rather than the erroneous I
representation (6). We note, however, that for device applications it

suffices to apply the current noise source (4); the origin of this source

in terms of S , S , or S is inmaterial. Where in the past the

o ~
erroneous source spectrum (6) has been used, revision may be necessary.
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III. Mobility-Fluctuation 1/f Noise in Nonuniform Nonlinear
Samples and in Mesa Structures (A. van der Ziel and C.M. van Vliet)

In a uniform sample mobility-fluctuation 1/f noise is described by the

Hlooge formula [1][2]

SAI(f) = a HI/fN (1)

where I is the d.c. current, f the frequency, N the total number of carrierso

in the sample contributing to the noise, and aH is the Hooge parameter. For

nonhomogeneous samples or for mesa structures this result must be modified.

Van Vliet and Zijlstra [3] showed that for a nonhomogeneous sample of constant

cross section we should use the noise source H(r,t) defined by

Al = (AI)phen. + H(x,t) , (2)

with

S H(xx',f) = H(X)I 2 6(x-x')/fn (x)A (3)

where the first term to the right is the phenomenological current, n (x) is the
0

carrier density at x, and A is the cross-sectional area. As a consequence, one

finds for a nonuniform and possibly nonlinear sample, of length L, instead of (1)

1 2 aH(x)dxSAI(f) = _~J. (n4)
AI fL2 f An° ()W

0

The proof is simple. Explicitly, (2) reads

AI(t) = d[g(v)Av(x)] /dx + H(x,t) (5)

where g(v) is the conductance per unit length at v = v(x), and Av(x) is the

fluctuation of v at x. Multiplying with dx and integrating over the length of

the sample yields

L

AI(t)L = [g(v)Av(x)] 0 + f H(x,t)dx . (6)

0J

: -- - -- - - - | ii i iI I I i0
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For the noise Norton generator Lv(L) = Av(O) = 0, so that

L L

S A(t) = ff SH(x,x',f)dx dx' (7)

0 0

Substitution of (3) yields (4). This result is general, even if the sample

is a nonlinear near-ballistic device.

For a collision-limited sample with conduction determined by a constant

mobility, we now note that the current due to drift and diffusion can always

be written as 143,

1 = qno(X) A dW(x)/dx (8)

where (x) is the quasi-Fermi voltage or electrochemical potential at posi-

tion x. Thus, also

jj I ( dx = d (x) (9)
qpnO(x) A

or, by integration, noticing once more that the current is solenoidal,

L
I r dxS no(x) = t(L) - (0) V, (10)

0

where V is the applied voltage. Hence, for the d.c. resistance:

L

R V 1 dx11)
I qjiA no0(x

0

Note that this expression holds in a nonuniform device even if part of the

current is not carried by drift. Combining (4) and (2) we have, if we may

suppose that the Hooge parameter does not .depend on x (or if aH is a weighted

Hooge parameter over the device),

cI12
SAf Ho (R).(12)

II (q R)
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+ +
In collision-limited diodes of structure n nn , this formula is of

+
importance since due to spill-over from the n regions the density n (x) in

the n-region is not constant; moreover, nonuniformity and nonlinearity can

occur due to space-charge injection. Often, for these devices one utilizes

+
mesa structures, consisting of m alternating n and n layers. We assume the

n regions are shorts and cause no noise. Let [SAI (f)Af 2 be the Norton

generator in parallel with each n-region; then for the total voltage noise of

the mesa structure

2
SAy(f) = MSAI(f)R . (13)

Hence, for the overall Norton generator of the device, of measured resistance

p = mR, we have

S (f) = (f). (14)
A vll m Al

Employing (12) this yields

a 12  Ho1
Al (f) H 2 2 (qpp) = - 2 (qpp) (15)
overall fLm fLtota1

This result allows us to determine the Hooge parameter from the measured

noise, Io, L tota and p.

Acknowledgement

We are indebted to Dr. G. Bosman for discussions on this topic.

References

[1] F.N. Hooge, Physics Letters 29A, 139 (1969).

[2] R.P. Jindal and A. van der Ziel, J. Appl. Physics 52, 2884 (1981).

[3] K.M. van Vliet and R.J.J. Zijlstra, Physica 111B, 321 (1981).

[4] A.H. Marshak and K.M. van Vliet, Solid State Electr. 21, 417 (1978).



-73-

IV. A New Transform Theorem for Stochastic Processes, with Special Appli-

cation to Counting Statistics and 1/f Noise (C.M. van Vliet & P.H. Handel)

a. Abstract

A new tranforn is derived which lirks the Allan v=ince uniquely

to the srectrum and vice versa. This transforn pjzir handles ll, besides

the usual Lorentzian scectra, the less w:eli behaved spectra C -L - C ,

-I(A< 3. In particular the theorem is useful for 1/f noise, for which

the connection with countirn statistics is described in detail. Possible

measurements to verify Handel's quantum theory of 1/f noise are described.

b. Introduction

In emission phenomena the effects of the statistics can be measured

in various ways. Most directly, one can determine the counting statistical

distribution P(MT,T) for the number of counts MT in a time interval

(t,t+T), or thq interval distribution between counts W(T); conversely,

one can characterize the statistics by the noise of the counting flux as

measured by the current in a detector. The latter procedure is the usual

procedure if the pulse rate is too high to be separated by a counter.

The measurement of phDton statistics can be based on both procedures,

see e.g. Refs.l,2. For electronic emissions, one usually examines the

electrical current noise in the anode current. For radioactive decay,

on the other hand, counting techniques are most prevalent.

The connections between counting statistics and particle current

noise were pointed out in Ref.l (especially Section 8). The main link

is provided by MacDonald's theorem. We define the following useful

quantities:

m(t): instantaneous number of particles detected per second;

noT(t): time average of m(t)in an interval (t,t+T),

t+T

mTt = f m(t')dt'
t



- 74-

M.r(t): total number of particles detected in (t,t+T),

t+T
NT (t) f m(t')dt' = TmT(t); (1.2)

t

q(t): number of arrivals in (--,t)

t

q(t) = f m(t')dt'. (1.3)
-cq

We also define the variances:

21 t+T t+T
= A 2  = t 2 6 KAm(t')Am(t") dt'dt" (1.4)

Tt t

2 T2 22  2(1)MT mT

Notice that is dimensionless, while 2 has the dimension T

For a Poisson process, = MT> =(m)T; thus, if the process is

stationary, i.e., M> = m0 is constant, ,2 T goes as T while 02 goes as
-11

T - I . MacDonald's theorem gives the following transform, linking the

second order moments of the counting distribution with the noise sl'cctral

density, Sm (w), of the flux fluctuations, Lm(t)

d Am2 S (W) c - sinTd (1.6)UT , T  0 : iTm

with inversion

S(c) = 2wf dTsincT d <L2>" (1.7)

The theorem is useful for Poissonnian'statistics. Then

< -AM
2 > = MT = m0T (1.8)

and

S(w) = 2CM 0fT dTsinwT = 2m0 ; (1.9)

in other words we have full shot noise. Conversely, if there is other

noise, like 1/f noise or "Schottky flicker noise" (which has a Lorentzian

spectrum, see Ref.S), the statistics cannot be Poissonian.

- 94 1
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Unfortunately, for 1/f noise eq. (1.6) is not applicable, since the

integral diverges. However, a useful concept in this case is the "two

sample variance" or "Allan variance". Let (I) be the average counting

(2) a tl
rate in (tt+T) and ~rn the countiria rate,t+1 t+2T),.see eq. (1.1). Then we

define the Allan variance by
A2 1 _ () 2)2

A2 (2>Y2m> (1.10)

and

A2 1 (14) (2 2 AZ 1.1A2 A

The variance A2 (which means (a ) 2) turns out to be finite for I/f

noise, in contrast to a , as was shown by Allan'. This

variance is also useful for other noise spectra. In section 2 we derive

A2
a general transform theorem linking A and S(,w). In section 4 we present

the inversion of this theorem. We thus have a new transform pair, which

in many cases is more useful than MacDonald's theorem or the Wiener-

Khintchine theorem. In section 3 we discuss the consequences for counting

statistics. In section 5 we add a small refinement.

c. The Allan variance transform

The theorem reads

2(T) = T-04 f 2Sm(w) sin - 2 (2.1)

The derivation is straightforward. Let Aq (,) be the correlation function

of q(t). Then by the hiener-Khintchine theorem, notLn- that Sq =

d Sm (c) do .

A(,5) - (q(t)q(t+)> = fo qCw)cos&-.2imf 2u

where we used (1.3). It should be noted that the limit c - 0 may not

exist, so it is not carried out at this moment. From the definition of

Allan variance, we have noticing (1.1) and (1.3)
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A 2  1 
" 

" =2T <[q(T+t)-q(t)-q(2T+t)+q(T+t))

2 [2Aq (2T)-SA q(T)+6Aq(0) ] (2.3)
2T 2

where we assumed the process to be stationary, so that 'q(t+2T)q(t+T)> =

Aq(T),Ctc. Substituting (2.2) we have

A2 1 limf- d2 ( [2cos2 T-8coswT+6] (2.4)

=T 2T &-*0 2- 2 m1T

The expression is meaningful if the limit e - 0 exists for the total

right-hand side. We now notice

2ooS2cjT-8coswT+6 -2(l-cos2cZ3)+8(l-cosuJr) = -2sin2JT+16sin LT
22 WT 2WT w4W

-16sin -2c os -2-+ 16sin 2 16sin 4 5 •2(25

Consequently,

A2  - 4 -d .4 c.T(26a -limf - Sm(wsin (2.6)-I TT2 F" 0 e

:'Tich proves (2.1). For 1/f noise the limit exists, since with S(.)= C/f,

8Cf*d.3 4 sin 2 = 2C 2Clog2. (2.7)
0T2 s

Hence,

A2(T) = 2CT2 log2. (2.8)

Since the transforms (2.6) are not always easily performable, we also

.give another form. Let F(s) be the Laplace transform of A2

= -sT A2F(s) = fodTe %4 (T); (2.9)

the transform of the kernel sin 4 T/2 is easily found be rewriting the

argument in the 1.h.s. of (2.5); we then obtain

= 6O 2 (2.10)
F (s) jf 0 dc 2 2 2 2' S(W)(210

(s +4W)(s + (J)s
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For spectra which are even and analytic this can be gainfully written

as
3 2

F(s) 3 4C d W s (2.11)(s +4W) (s2+2)s

where C is a contour consisting of the real axis and a semicircle in the

upper plane,at infLnity.

For I/f noise, (2.11) is not useful since S(w) = 2rTC/ Ic, which is

not analytic in the plane. However, using partial fractions, (2.10)
-3

is split into elementary integr:Uis; the result is F(s) = 4C(log2)s -

which upon inversion yields (2.8).

For white noise, S(w) = 2A, so (2.11) has upper half plane poles

only at w = is and is/2. We easily find

2 A2
F(s) = A/s2, A?(T) = AT. (2.12)

Finally we consider Lorentzian flicker noise, of the form

S(w) = 4Ba/(C2 = 4B3/(+12 2), ' = 1

There is now an extra pole at = ia. From the residue theorem one

finds,

F(s) = 2BF 4a. 2a 6a 2  (-4
2 _2 22_22s (2.14)

s(s2-4a2) s2 (s2C 2) s(2_4 2) (s2 aJ

the inverse transform yields

( A (T) - -e - (2.15)

The various results are summarized in Table I.
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S(() F(s) c A2(T)
M. 

r

Poissonian 22m/S2 T
shot noise 0 0- F/' 0

shot noise 2(L%>T 2Kt-)T/5 .' M0

l/f noise 2nC/I[co 4C(log2)/s 3  
2CT7log2

Lorentzian 4B - 2[ 4_ a 2aB
flicker noise a2 +2 2 " (s 2_ 4 2 s22_a2

s (s2-4a 2 ) s 2 (s 2- 2)
62

"Pathological L/joj 1- 2 L(-2X) I- -l  LTX (1-2 - 2)

noise" <4;X42 sin (,/2) sin (n/2) +l)

TABLE I

A few explanatory words about the details are in order. The first

column lists the spectral densities, in particular the eo-dependence.

The last column gives the T-dependence and the explicit results obtainable

from Sm (a) via the Allan transform theorem (2.1). For Poissonian

shot noise (or "full shot noise") the Allan variance equals the regular

2
variance a , which equals the mean; note that m is a constant for a

A2
stationary process, so a.A goes as T. We also included the case of

general shot noise (or non-Poissonian shot noise). In this case the

spectrum is given by Milatz' theorem, Sm = 2(var nTT,which is a variant

of MacDonald's theorem 4 ) . Though the distribution P(MTT) is non-Poissonian, the

assumption of white noise indicates that the autocorrelation function

is still a delta function <An(t)frn(t+O)?= (Am(t) 2 6). The Allan

_ __) L(5. heAla
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variance turns out to be equal to the regular variance, as is also

found directly, for

A2 1 1() (2) 2 1 () 2) 1 2

2 2 2 L2 .1 6 )

Since the delta function correlation implies K<.4l),.42) - - = lI,4 2 &>- - --

sic Th det 0.ncthen cseloftnon impss>
4 'T for T > 0. The case of non-Poissonian shot noise occurs e.g.

in photon emission when the counting statistics is a compound Poisson

distribution which reflects the Bose-Einstein statistics of the photons

in a mode l, In that case the super Poisson factor x reflects the

Boson factor

1- =- B, B = - (2.17)

where Z is the number of modes comarised in a counting time T and solid

-1
angle £ of measurement. We assumed here w << r 1 where r is thec c

coherence time; for these fr-cruencies the s:)ectrun is white. (Riorcusly
speakirg, if we include c,tis is a sp-21_ clse of Lorentzian ty~- noize.

For 1/f noise and Lorentzian flicker noise the constants C and B

depend on the model. This will be further discussed in section d. In

fact, the measurement of oA should be a very useful tool to discern,\tT
between the various models, as we discuss there.

For the last entry "pathological noise", we performed the computations

from the inverse of the Allan variance theorem, see section e.

d. Counting experiments

The presence of non-white noise in counting statistics can now be

determined from a measurement of the Allan variance, as a function of T.

.1
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For sunpose that the noise is co::po'.ed of white noise, 1/f noise and

Lorentzian flicker noise, i.e.,

S ( 2) = 2 O'  + 2fTC_ 1 + 4 ' (3.1)
M 0 a:2+ ,2

then, a measurement of R(T) _= CK(LtY yields, noticing again :> =

m T where m0 is constant,

(\{)42) 2> XL C B -CT -2ca
R(T) 2 - -+ ' -_og2 + [ - [4e -e +2 T-3]

2  mo 2 0 -
0  m1T) c

0 (3.2)

In all flicKer noise and 1/f noise theories the extra noise goes with

the flux squared. Thus we write C' = C/m0, B' = B/m0. For T >>

we have then

X 2B'
R(T) %- + 2C'log2 + - ; (3.3)

M0T
-1

for T << a (very slow Lorentzian flicker noise[) we have

X 2B'

R(T) moT + 2C'?.og2 + - CT. (3.4)

Thus, a slow Lorentzian reveals a term cT. Fast Lorentziass will not

be easily recognized unless B' is very large. The presence of 1/f noise

gives the so-called flicker floor6): for T - there is a renaining

term in the relative Allan variance R(T) -' 2C'log2 F. From this the

1/f noise strength can be determined.

The Lorentzian flicker noise occurs if there are N(t) emission centres

whose creation and annihilation affects the emission. In Ref.5 we

established

B' = 4 (3.5)

with m0 = X(N), ) being the emission rate per centrc.
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For 1/f no-; 1>: A1 devi:;c the madlc1 a: cu:ln:u:: 1/f no.e,

basd en s, if iOtcrfcrce of the ;,av'xPackct5 or tne ci ted :-'S,

see 5) and 7)S) In this theory" one finds

2 af
S (,I) = 1 (3.6)

so that

C' = 2cA %-, (3.7)

h-cc the icker floe.L bco:::es F = 4.:.--Alo,_." Here v is a coherence

factor, - is the fine s1uct:rc cc,:;st:.t ,/137, and A - (-v) 3-:c

r e vis the velocity chnge of the v tartces in the c-.::ission a zroess.

For -i-es ,e expect " to be close to one, while it -.. be

conside0-10 s..:l11r than one for p or e eiSion due to incclcrence

introdced by the asscinted neutrino emission. For these particles

one easily" fi-ds

= s.32x 10 (E in ,c') (3.8)

Fo :a~v .- z~ ... schas 230 --26 232 a228
For .ny z- ters, suc0h as TFh -I T8 ,2

23S 34 243 239 -6
9 2 U Th , km -* 9 3p , one finds that a - 4x16

Hence the -licker floor beco.-.es F = 11.2x10 -
. For a 10 micro curie

source, the nu:ber of disintegrations per second is 3 .7x10 sec - .

Assuming an efficiency r] ol0 -
, which accounts for solid angle and

absorption in the source, we arrive at l.3x10 7 in T=l hr. The

Poissonian term in (3.4) Cx=l) thus becomes l/,,L} 0.0x10 - , which

is well below the flicker floor. Experiments to verify the theory of

quantum 1/f noise by a-particle counting statistics are underwav at the

University of Florida. It should be noted that Handel's theory also i.-
cludes contributions to i/f noise from L-fra;-=xticles other tha-n rhotors;
the resultir-g cxA is the sum of contribution for all ty:es of trfra-

'cZ.nt-. tarticiatr.G in the ener-y tra..fer.
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e. Invursion of the Allan variance thcorim

It is genrally believed that a constant relative Allan variance

irplies the presence of 1/f noise; or, more gencrally, one expects that

a given Al lan variance detcrines uniquely the spectrun S(cw). This

will now be shown by inverting the theorem (2.1), which composes a

Fredhol integral ecquation of the first kind.

To this purrose we restate (2.10) in the form

(s) 6 1- dS I
F~s)= -sl - (X( a))._(4.1)

2 2

where X(u) = S(w)/ 2. We will take the .ellin transform of this Cquation,

and follow a method discussed by :Morse and Feshbach 9 ) . The transform

has to be taken piecewise, since the full transform does not usually

exist for the functions F(S) encountered in noise proble.s. "e have seen

in all cases (cf Table I) that for
-C.

s -'0, F(s) = O(s >, c0, 
4

(4.2)
s-,, F(s) = c(s-T T, >0.

For the various noises the values of a and 'care given in table II

oiseinversion type of

I _._I _I applies $ transform

white 2 2 yes partial

I/f 3 3 yes partial

Lorentzian 2 4 yes full

31/f S S no-

TABLE II

f
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Consequently, let*

_p) = 1 ds; exists for Re p> c°; (4.3)

-- f0 Fs 1

+4,(p) = JF(s)s-ds; exists for Re p< -r. (4.4)

Since T = c, for most cases, there is no region in the complex plane

wher&both 4's exist together. Only the Lorentzian behaves better; it

has a complete Mellin transform !(p). Other cases may occur where

" < .t

We now recall the Mellin transform convolution theorem,

1 /= 'V(p)G(p), (4.5)

where V1ldunotes the Mellin transform; here capitals refer to the trans-
same

formed functions. Nioticing that (4.1) is of the, form as the expiression in
the rectrulir bracxet

Aon the l.h.s. of (4.5), we find that the transformed equation (4.1) is

V(p)[(p) with,for the transformed kernel

V(P)= - = I , 1 < Re < S. (4.6)
n 0 (s 2 +4) (s2+l) sin.(p- 1) v

Thus we obtain

(1 [)"'(p (p) +J (p)] (4.7)
+ sin I(p-l) I )"

*2

Usually, for the existence one considers the Lcbesgue

1 120 2u-I
integral fF(s s ds;i-this is finite for a > 0o the transform

exists .for Re p >_ a. Likewise for 4,

The Mellin transform presents a dimensional anomaly since s has the
-i

dimension sec Strictly speaking we should replace w by -= o /co and
C

T by T = T/T where w and T are an arbitrary normalizing frequency and
CC C

time interval. This has consequences for the reverse transform, see later

examples.
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In order that there is a region in which both V(p) and d _(p) or

4+ (p) exist, it is necessary that -o; 1 and c.< 5. The situation

is depicted in Fig. 32.

From (4.7) we deduce

S - (p) = -+ (p) +)+ (p) (4.8)
sin-f(p- i),f sin 2 p- I)TT

This equality which initially is valid in the shaded area only can be

made to hold in the entire plane except at singularities by analytic

continuation. Besides this, the integrals over each of the members,

going along a line Rep= al' for the l.h.s. and Rep= T' for the r.h.s.,

are equal due to the inverted transform equality. Using a theoren of

Morse and Feshbach (op cit.p.463) we conclude that each nember equals

a function R(p) which is analytic in the entire area 1 < Re p< 5. 1'e

thus obtain by transforming back

X =A (p) +))]j - p1

1 i.+(P) cosoi/2 1 ' -' d ( cos-tr/2
2rri f d~p '4jp) p2 - f - 5(p) -.

i~ -i-+o' WP  - 1-2P -3  -i -- ' cop  +  1-2p- 3

+ CP R(p) cosprr/2 (4.9)
C c_ 2p-

3

where C is a counterclockwise contour made up of the lines Re p= o'

and Rep = -r'; the a' and r' are in the strips as indicated in

Fig, 32. Since R(p) is analytic and the factor following R(p) is regular

(at p=3 , both numerator and denominator are zero, but their ratio is

finite) the contour integral is zero; i.e. there are no solutions of
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the homogeneous equation. The solution of the ii;oJ,-:o:C.neous equation

is thus unique. The solution (4.9) becu:es - reverting to

1 -+CJ dT) co.sl j p_ f oi]]_ A (T)]S () =-

i_+CT' C ° -  1- 2p - 3

I i + 2' dP.3 co(T-) > A < 'r. (4.10)

This is the complete inversion theorem corresponding to the Allan

variance theorem (2.1).

For the case u0 < T.the situation is depicted in Fig. 33. The full

transform exists and is analytic for the shaded area. We can now select

a line Rep= P, qo< < , for the inverse transforms. Thus, adding

the two terms of (4.10) (i.e. taking a = ,t' =) we obtain:

1
io+ d cos -pl

1S(P -os f t A.2(T)], ,< < "% •(4.11)

If the Mellin and Laplace transforms are interchangeable, then 4.11)

allows the simple expression

1
1 + dn cos -pT - dT A 2 (41

S(c) - - F.)f- 7, ,4.(T),
2r i - Y'+ - 1-2. -

T

where p is in the dorzin of analyticity of the expression

r(p)fWdT T- P aA(T).

We will show the application of (4:10) and (4.11) or (4.12) to two general

cases. First consider an Allan va.riance of the form KT', 0 < X < 4.

-X-1
Then F(s) = l,(X+l)s , and

4'-(p) = K F(X+1), Rep> Cy. 1+X, (4.13)

K
, (p) K I(XI) Rep< 14% 1-w. (4.14)+ p-X-I
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Then _'s are substituted into (4.10). 1;'e consider first "cxl". In view

of what we said in the previous footnote, this zneans in reality

< I or w << wo . Since wJ can be chosen arbitrarily large, the

solution alone should cover the entire spectrum! We now close the

contours in Fig.1 with large semicircles in the left-hand plane; on

these semicircles the integrand goes sufficiently fast to zero. More-

over, since -+(p) as well as cos2-.r/(l-2P-3) is analytic for

Rep< -c, the contour integral for this part vanishes. 1,e are thus left

with

1S1o = dp cos-:5pr KFC%+I)
S (C) = -X- ) (4.15)

2ni CI p-2 1 2P-
3 PJ-;\-

We note that there is only one pole, p=X+l (for p=3, the denominator

1
1-2 p - 3 is zero, but so is cosrp1T, their ratio being finite). Hence,

1
K cos-PTT

S(i) = - - lira - FCk+I). (4.16)CO 1 -1l+X 1-2p -')

For X/2, the limit is straightforward. Then

S(W) = K sinXlr/2 Fcx+I) (4.17)X-1 1 -2 "co 1-2

For white noise, K = m0 , X = 1 (see Table I), hence S(w) 2mo, as

expected. For I/f noise K = 2Ciog2 and X=2. Then from (4.16) by

de l'Hopital's rule,

SClo) I s 4Clog2 1 -2 Sj -
S)p-3 log2 e (P-3)log2 W.

thus confir,.ing the point of departure. We note that since X runs

1-Cfrom zero to four, spectra from w- up to o-  , (where & is

arbitrarily small) can occur for the present pair of transforms (2.1)
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and (4.10) to be valid. The flexibility of this transform pair is

thus much larger than that of the Wiener Khintchine theorem, which
0 ( 7 t

handles only spectra from w to w0 Notice also from (4.17), that

if we know in advance that the spectrum is S(w) L/w X - I  then the

Allan variance is (X/2)

A?

=C LTX. (1-2 X-2 )/sin(Xr/2)F(X+i) (4.19)

Finally we remark that we can obtain the same results from @+. We then

take "wl", and close the two contours with semicircles in the right-

hand half-plane. The contour integral over the 5_-part vanishes. The contour

integral over + (clockwise) yields with (4.14) again the result (4.16).

Next, we consider Lorentzian noise. From F(s), see Table II or

(2.14), we obtain

) = W'F(s) = -( 1 2 P- , 2 < Re p < 4 (4.20)
sinp cos 12

This is put into (4.11), which yiclds

S(W) d + a p- 2  /21 (4.21)a . sin(p,. /2)-ioop

This result can also be obtained from (4.12) providing we still use

r(p) F(l-p) = T/sinrnp. In order to evaluate the integral over
- - oA 2

A2 - which integral is 7T) - we notice that c A2 for T - 0
r i 1-p MiT MtT

is of order T as is found by Taylor exjpansion. We first compute )
hl-A2 and cloA2 for very restricted conditions en p for the four

individual termsof a A2; on joining the results the conditions on p

are then relaxed withm_ existing for Re p < 4 andhi+ existing for
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Re p > 2. There is now an overlap on 2 < Re p < 4 J the Fartial M:ellin

transfor:::scan be added, resulting in (4.21).

In equation (4.21) there are poles at

p = 2m, m = 0,±l,2,.... (4.22)

Consider first c < a . We then close with a semicircle to the left.

From Fig. 33we notice that we enclose the poles p = -2m', '=-l,0,l,...,.

For the residues we have

Res = i ( c)2(m'+l) lim P+2m' () 2 (m'+l)(l)m'(Res a rn p2in 2 aa . (4.23)
p-+--2m' sin 2--pIT

Thus the result of (4.21) is the power series

4 -- w) ~ ' 2n )n 4,1

S(M) = 4" c (r'+l)(m 4 ( n (-- P <c)
a ,- a a 0 a 2 2' "m'=-i n=0a +

(4.24)

Likewise, if c > a , we enclose with a semicircle to the right. The

poles to be included are now at p=2m", m" = 2,3 One easily

obtains the asymptotic series

a Z (a 2n n 4a4
= 2n0 -1) = 2 W 2(

f. Nonadjacent sampling

The measurenent of the Allan variance necessitates adjacent sanlirng.

This is generally not exactly possible because of thu dead ti-e ef the

registering instrument. Ile are thus led to define a slijht generalization

of the Allan variance, which was already foreseen by Allan [6]

Let T be the dead time between samples. We then define,

B32 tK[(#~'~ t) 1,(t)] 2 >( )

< MT IT 2 "T
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Analojous to (2.3) we have,

?B . I / , . 1
- - < q (2T -t- t) - q +T± t) - q(T- t )+ (t

T

- A q(2T -tt) - 2A q(T -- ) - 2A q(T)± A+(2-) -2A q(0) (5.2)

We thus find

B2 ___ cs&(Tr0 T _L, S((C ) [ O:2T-) - 2cosuJ(Tt--)

- 2cos LTt COS LA:.' - 2]. (5.3)

z-c tr--ccmc, thsyelds

"B. S2 (Q) sin 2 L.T sLn2 (T+-t-') (.5.4)

2 2

which is a tra4-htfor , r extension of (2.1). Again, for any 2 , seczra

of the f'orm S(LQ) -', -1 <k/,<3, as ;,well as regulaz s ectra (Lcrentz-

ians, etc.) allow a transforn to exist. For the carticula-r case that L

- T we have

B2 16 t d C 4 JT 2 OT
a-, qo - S (C) c 2 • (5.5)

For I/f noise, the integral (5.4) is found to yield, using the Laplace transform

as in section 2,
_B2 1CT [( 2 1_)21og(2r) - 2(1 + r) 22og(l+r) + rlog r] (5.6)

ogjr lo(+rI lgrwhere r--"T/T. This is the correction to be applied to the counting sta-

tistics results of section 3 -if' rJ 0.

Inverses of (5.4) and (5.5) can in prLriciple also be found; however,

since these have less fundamental meaning than those of section 4, we re-

frain from these results.
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For most realistic noise spectra, eqs. (2. 1) and (410) through (4. 12)

provide a new transforn. pair, similar to MacDonaldls and the 1'ieccr-

Khintchine theorem, but with wider range of applicability. The theorem

is in particular useful for 1/f noise, for which nei-ther the correlation

2function nor the variance cr, exists. A measurement of the Allan

variance may aid in understanding the ubiquitous 1/f noise phenomenon.
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Figure 4. Circuit with high source impedance.
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Figure 5. Measurement of high-source impedance spectra (SHRS ) and low-source

impedance spectra (SLR S). The base currents are 6iVA, 3ViA, lIvA.
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Figure 8. a) One stage of the amplifier.
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Figure 8. b) Output stage.
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Figure 9. Standard noise source.
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Figure 10. Block diagram of the counting system.
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Figure 11. a-decay counting: R(T) vs. l/T (here R(T) is relative Allan variance,
T is counting time).
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Figure 17. P-type near-ballistic mesa structure.
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Figure 18. Equivalent circuit of n nn + structure, showing
parasitic elements. RL1, RL2 are lead resistances,

RSi is the lateral substrate resistance, while

RS2 is the bulk substrate resistance. Rx is the

device resistance, Terminals 2 and 6 are connected
with the top of the mesa, terminal 7 is connected

with the top of the substrate, while terminal 5 is
connected with the bottom of the substrate.
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